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Degenerate Quantum Gas

& Typical degenerate quantum gas
— Liquid Helium 3 & 4

— Bose-Einstein condensation (BEC)
« Boson vs Fermion condensation
« One component, two-component & spin-1
* Boson-fermion mixture

& Typical properties
— Low (mK) or ultracold (nK) temperature

— Quantum phase transition & closely related to nonlinear wave
— Superfluids - flow without friction & quantized vortices
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Molecules meet: there are
temporary attractions and
repulsions between electrons

& Experimental setup J il

— Molecules meet to form dipoles J # 'O

— Cool down dipoles to ultracold

— Hold in a magnetic trap Mon polar molecoles
move together

— Dipolar condensation

Weak attractions
between temporary
dipoles

— Degenerate dipolar quantum gas j"/\
% Experimental realization
— Chroimum (Cr52) T'"/\“
— 2005@Univ. Stuttgart, Germany e
- PRL, 94 (2005) 160401 e i ——

expansion times from | to @ ms. (a) BEC released from an almost

& Big-wave In theoretical study e € i
A. Griesmaier,et al., PRL, 94 (2005)160401



BEC with strong DDI
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Lu, Burdick, Youn & Lev, PRL 107 (2011), 190401.
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Mathematical Model

& Gross-Pitaevskii equation (re-scaled) ¥ = w(X,t) XeR

. O b 1 _, 5 5 .
£ p(X,1) = —5A Voo (K) + Bl P +A(Ugplw F) [w(X,1)
. 1
— Trap potential V., (2) = E(yf X*+y2y*+yi7’)
w3 |nteraCt|0n COnStantS IB: 4zN a (Short_range)’ A= mgﬂoﬂ;p (|ong_range)
. . . a0 . hzao
— Long-range dipole-dipole interaction kernel
) = 12 2
3 173 X)TIXE _ 3 173¢05(0) - 5 R fixed & satisfies |fi|-1
A | X | A | X| A
& References:
— L. Santos, et al. PRL 85 (2000), 1791-1797 !

~ S.Yi&L. You, PRA 61 (2001), 041604(R); -
D. H. J. O'Dell, PRL 92 (2004), 250401 d

Udip()_() =
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Mathematical Model

& Mass conservation (Normalization condition)
2 2
N =[O =[xt dx=[|p(x.0)f dx=1

R3 RS

& Energy conservation

00 = ]| 5190 F Va0l F 4

R3

& Long-range interaction kernel:
— Itis highly singular near the origin !! At O( 3 jsingularity near the origin !!
— Its Fourier transform reads - 3(fi - 5)2
+ No limit near origin in phase space ! Uy (&) =—1+ a EeR’
 Bounded & no limit at far field too !! ¢
* Physicists simply drop the second singular term in phase space near origin!!
* Locking phenomena in computation !!

p

A .
Llyt+2 sl Pl F}d X = E(y,)

1
| X
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A New Formulation
r=|x| & 6,=0-V & 0, =0,(0,)

& Using the identity el etal, PRL 92 (2004), 250401, Parker et al., PRA 79 (2009), 013617)

Udip<i>=33[1—’

& Dipole-dipole interaction becomes

Figure 1. The Rosensweig instability [32] of a ferrofluid (a colloidal
dispersion in a carrier liquid of subdomain ferromagnetic particles,

l | * 2 — 2 38 with typical dimensions of 10nm) in a magnetic field perpendicular
d i p W I W ﬁ ﬁ to its surface is a fascinating example of the novel physical

phenomena appearing in classical physics due to long range,
anisotropic interactions. Figure reprinted with permission
from [34]. Copyright 2007 by the American Physical Society.

1
v & -V =y

Ay

(D:
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A New Formulation

& (Gross-Pitaevskili-Poisson type equations (Bao,cai & Wang, JCP, 10)

R [—%A PV () + (B-2) [ P 30, }w(z,o

—Ap(X,t) =lw (X, 1) [, lim p(%,t) =0
& Energy
E(y (- 1) :=H£3E|W|2 NG =t +3§|aﬁvmﬂd X



o Ground State

& Non-convex minimization problem

E(¢)=minE(g) with S={4||¢|=1&E(#) <o}

peS
& Nonlinear Eigenvalue problem (Euler-Language eq.)
. 1 . 2 S
90 =| 3 84V (R + (8 -2) BF 310,00 |49
~Ap(X) = ¢(X) [, lim ¢(x) =0, |4 =1
& Chemical potential
im ]| 5 IVOF W (OI6F +(5-2) 181 +3410,50F |d

=E(¢>+j[ﬂj|¢r‘+3§|aﬁv(p|ﬂd & -Ap=lgl
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Ground State Results

E': Theorem (Existence, uniqueness & nonexistence) (Carles, Markowich& Sparber, 09; Bao, Cai & Wang, JCP, 10’)

— Assumptions
V. (X)=0, VXeR® & |[|im V_.(X) =+ (confinement potential)

— Results V;
+ There exists a ground state ¢, € S if f20 & ) <ALSp

« Positive ground state is unique 9, = g |4, | with G eR

» Nonexistence of ground state, i.e. lim E(¢) = —o0

- Casel:  B<( g
-tasell 550 & /1>,Borl<—§
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Key Techniques in Proof

& Estimate on the Poisson equation
Ap=lpf=p & limp(x)=0 = [0,Ve|<|V(Vo)|=[ag]=]o|=|d,
& Posiltivity & semi-lower continuous
E())>E(I4)=EWp), VgeS  with p=|gf

& The energy E(,/p) Is strictly convexin £ if

>0 & -L<i<p
& Confinement potential :
& Non-existence result

8, . (X)= L 1 exp(— X22+ yzjexp[—zz—z], X € R’

(272'81)1/2 (271'82)1/4
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Numerical Method for Ground State

& Gradient flow with discrete normalization

% p(X.1) = BA Voo (R) = (B=A) |§[ +340,,0 |#(X,1),

— Ap(X,t) = ¢(%,1) [ Imp(x,)=0,  XeQ&t, <t<t,,,

PR ) = HR L) = Hﬁﬁiii . %eQ&n>0

(1) Lheoo= (K1) [heao=0,120;  §(X,0)=¢,(X) 20, XeQ, with |¢|=1.

& Full discretization
— Backward Euler sine pseudospectal (BESP) method
— Avoid to use zero-mode in phase space via DST !
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Figure 2: Iscsurface plots of the ground state ¢ (x| = 0.0& of a dipolar BEC with the
1Sy harmonic petential Vix) = § (z* + " + 2*) and 3 = 207.16 for different values of %: {a)
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Dynamics and its Computation

& The Problem
0

(R = [—%mvem +(B-A) |y F -348,, }w(x,t)

—Ap(X,t) =y (X,1) [, lllimo(p(x,t)zo, XeR® t>0

W(X’O)ZWO(X)l XER:S’
& Mathematical questions
— Existence & uniqueness & finite time blow-up???

& Existing results
— Carles, Markowich & Sparber, Nonlinearity, 21 (2008), 2569-2590
— Antonelli & Sparber, 09, Physica D --- existence of solitary waves.
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Well-posedenss Results

E': T h eorem (Well-posedness) (Carles, Markowich& Sparber, 09'; Bao, Cai & Wang, JCP, 10")

— Assumptions
(i) V. (X)eC*(R®), V_ (X)>0,vXeR® & D%V

ext

() e L"(R%) |af>2

(i) w,eX = {u e HY(R?) | Jull, =l +[Vull + [ Veu (D) u(R)d % < oo}
— Results -

* Local existence, I.e.
3T €(0,0], s.t. the problem has a unique solution w € C([O, T ), X)

e If 20 & —g <A< fglobal existence, i.e. T, =400
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Finite Time Blowup Results

E': Theorem (finite time blowup) (Carles, Markowich & Sparber, 09'; Bao, Cai & Wang, JCP, 10)
_ Assumptions (i) A<0 o  B>0& A< —g or A>3

i) 3V (X)+X-VV._(X)>0, VXeR’
. Results ( ) ext( ) ext( )

+ Forany y,(X) e X , there exists finite time blowup, i.e. Tmax <+
« If one of the following conditions holds

(i) E(w,)<0
(i) E(e)=0 & Im[g(x)(X-Vy,(X)dx<0

R

L2

(i) E(e) >0 & Im [ 7,(x) (X- V() d X < —[3E(w,) [R

R
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Numerical Method for dynamics

% Time-splitting sine pseudospectral (TSSP) method, [t t,..]

— Step 1: Discretize by spectral method & Integrate in phase space exactly

o 1
i 0,y (X,1) =—§V2t//

— Step 2: solve the nonlinear ODE analytically
| 0/ (X,1) = [ Voo (X) + (B =) [y (X,1) F =328,,0(%,1) [w (X, 1)
~Ap(X,t) =y (X 1) [,
Voly(RDF)=0=ly (XD Hw(Xt) | &  o(Xt)=p(Xt,)
[ By (X,1) = | Vo () + (B D) lw(X,t,) F —320,,0(X.t,) [w(X,1)
~Ap(X,t,) =l (Xt,) [,

. —i (t=t, ) [Vaye (R)+H(B=A)w (R 1, P =32 0rnp (R 1, =
:>l//(X,t) _e (=t ) Ve (X)+(B-A)lw (X 1) p(X.t)] W(X’tn)
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New numerical methods for DDI

& How to compute nonlocal DDI p=Ug x|y
— FFT (fast Fourier transform) - 3(fi - £)2
. . Udip(f):_l_i_ ( é:)
— DST (discrete sine transform) | £

p=—|w[ 30,0 & —Ap(Xt)=ly(X1)[
— Nonuniform FFT (Bao, Jiang, Greengard, SISC,14")
p= (U (OPEDETdE  p=lyf
R3

sphere coordinate

=T Uy 9)1EF pE e
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cb(x,f):Adudip(x—yJP{F:deY: ep:=||P—Dy |2/ || P

D

N U m e rl Cal reS U |tS (Bao, Tang & Zhang, CiCP, 16)

2,

NUFFT

h=2

h=1

h=1/2

h=1/4

L=4
LL=8

1.118E-01
5.281E-02
5.202E-02

3.454E-04
3.428E-04
3.551E-04

1.335E-04
9.834E-12
1.143E-11

1.029E-04
1.601E-14
8.089E-15

h=1

h=1/2

h=1/4

h=1/8

6.919E-02
2.709E-02
1.008E-02

7.720E-02
2.853E-02
1.033E-02

8.124E-02
2.925E-02
1.046E-02

8.327E-02
2.961E-02
1.052E-02
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—® D ynamics of a BEC with DDI

fi(t) = (sin(t /5),0,cos(t / 5))"

t=0




D
&
Collapse of a BEC with DDI

I | i =(0,0,1)

Column Dlenzity at £=0

“"Clover”
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Dimension Reduction

& Gross-Pitaevskii-Poisson equations
5

LCOE [—%A V. (R)+ (B A) |y [ -32 @ﬁﬁco}w(xt)
—Ap(%, ) =|lw (X[, llfmogo()?,t) =0, XeR’ t>0
& Strongly anisotropic potential
Voo (X) = %(yf X*+y2yt+yia?)

— Casel: 3D-> 2D
v, >rmy, & d=(n,n,n)', [Af=n +n;+n; =1

— Case ll: 3D = 1D
7/z>>7/x & 7/y>>7/x
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Dimension Reduction

& EXxisting results
— BEC without dipole-dipole interaction: A = ()

 Formal asymptotic (ao, Markowich, Schmeiser & Weishaupl, M3AS, 05)
* Numerical results (Bao, Ge, Jaksch, Markowich & Weishaeupl, CPC, 07))
« Rigorous proof (Ben Abdallah, Mehats et al., SIMA, 05; JDE 08)

« From N-body to mean field theory (Lieb, Seiringer & Yngvason, CMP, 04’; Erdos,
Schlein & Yau, Ann. Math., 10"

o Dlpolar BEC (Carles, Markowich & Sparber, Nonlinearity, 08") — use the convolution formuation



P,
Mm Reduction (3D-> 2D)

& Assumptions

. z° 1
77,87, =00 & Vo) =Vip (X Y) 425, &5-
& J7.

& Decomposition of the linear operator

L= _%A + Ve (X) = _%AJ_ +V,5 (X, ¥) + L,

2 52
L, = _Eazz +Z—4 = %[_1822 +Z_j
2 28" ¢ 2 2
& Ansatz

Pz ~e # (o) & o) -— exp[‘zj

(8272')1/4
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Dimension Reduction (3D-> 2D)

& 2D equations (Bao, Cai, Lei, Rosenkranz, PRA, 10

—2(1-3n?
pAl30), ¢
EN2TT

-0 1
I Ew(x, y,t) =1 —EAL +V,5 (X, y) +

32
== O ~MA ) Ty (X, ¥,1)

o(X, y,t) =U2x |y [,

1 exp(—s’ /2
2\/57[3/2]1{ ( )ds, =X +y’

UZP(x,y)=Uz"(r) =
Jr? + £%s?




P,
mtate Results for quais-2D
91, 1T

0= feH(R?)

L2 (RZ

f
& Theorem (Existence & uniqueness) (Bao, Ben Abdallah, Cai, SIMA, 12))

L2(R?) -

C, = - Gagliardo-Nirenberg inequality

4
L (R?)

— Results Vo (X) >0,vX e R? & lim 1V,5(X) =+ (confinement potential)

X|—

* There exists a ground state ¢, €S if
— Case | /120&,8—/1>—5\/27er
A 2
_Orcasell 4<0 & ,B+§(1+3|2n3 ~1[) > —&v/27C,
* Positive ground state is unigque 6, =% g, | with 6, eR
- Casel: A>20 & p-420

— Or case |l 1<0 & ﬂ+i(1+3|2n§_1|)20
* No ground state if 2

ﬂ+%(1—3n§)<—g\/ﬂcb
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FIG., 4. (Color online » Cuts through the radial density profiles of the
quasi-2» daipolar BEC given by Eq. ( 16 for varous polamnzations and
rap anisotropies. The culs are taken along the axes with largest (=
axi=s. solid blus lines) and smallest extend of the BEC (& axis. dashed
reds The insets show density plots of the gquasi-210 BEC and the lines
indicate the position of the curs (& and & axes,. respeciively . The gray
dorted ines are the analyvtical profile s szop () and the shaded areas
are the profiles obtained from the 3D GPE. Eq. (1» For sufficiently
large coninement the 31 GPE prolles are not distinguishable fronn

our 20 solution. We choose S — 100, e = 09 and the dipole
axis ;o= (0,0, 1) (top panel)d, sx = (1,0, 0) (middle panel). zn —
1.,}'2": 1L,1.,0) ibotmom lefit panel) and o = "\-..-':!:_EI: 1.1, 1) (bottom right

panel )




P,
Mm Reduction (3D-> 2D)

& 2D equations when ¢—0 (Bao, Cai, Lei, Rosenkranz, PRA, 10))

B—A+3An

. O 1
i — (X, y,t)=[-=A, +V,,(X,y)+ Sy [
Py w(X y,t) =] 5 o1 20 (% Y) N 174

34
== B0, ~MAL )P 1w (x y,)

(_AL)UZ(D(X’ y,t) :l l//(X, y1t) |21 |(x!)i/§|rl>oo ¢(X1 y’t) =0
& Energy 1

B C0) = [ 61V F Voo () F oo (= 2+ 320) ly

#2210, (A" of ~nE|V,(-a,)" ¢ ¥



P,
mtate Results for quais-2D

Vo (X) >0,vX e R* & lim V,, (X) = +oo (confinement potential)

[X]—>00

& Theorem (Existence & uniqueness) (Bao, Ben Abdallah, Cai, SIMA, 12))

» There exists a ground state #; €5 if
_Casel: A=08&pB>-&2zC,
_Orcasell A>0, n,=0 & p—A>-eJ2zC,
~ Orcaselll 2<0, ni=1/2 & p-Ai(1-3n7)>-&/22C,
« Positive ground state is unique 4 =€ g, | with 6 eR
- Casel: A=0 & =0
-Orcasell 4>0, n,=0 & f>41
- Orcaselll 1<0, ni>1/2 & p-A(1-3n})20
 No ground state
A>0&n,#0 or A<0&2n2<1 or A1=0&B<-&/27C,
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Well-posedness & convergence rate

& Well-posedness of the Cauchy problem related to the
2D equations

& Finite time blow-up may happen!!

& Theorem (convergence rate) (Bao, Ben Abdallah, Cai, SIMA, 12')

Assume S >0, —gs/ls,ﬁ, P =0(¢), 1=0(¢)
Then we have

_it
w(X,y,z,t)—e 2 w(x,y,t)o (z)] <C.e, 0<t<T

L2




P,
Mm Reduction (3D-> 1D)

& Assumptions o ,
- X +
7o=7,>7,=00) & V,()=Vp(@)+, &=

&% \/Z

& Decomposition of the linear operator

L;—£A+V
2

ext

_ 1
(X) — _Eazz +V1D(Z) + ny

12 2 Y 25" g° 2 Y 2
& Ansatz
- 1 X° + Y’
y(xy.zt)~e “pto,(xy) & a,(xy)=——exp| -
Jre 2

&

2 2 G2 . 2
L :—EAX+X Yy 1(—£Ax~+x +y]
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Dimension Reduction (3D-> 1D)

& 1D equations (Bao, Cai, Lei, Rosenkranz, PRA, 10))

o) 1 206+ A(1-3n2
Ly =10, +Vi(0)+ L)
ot Are
L 34(1-3n))
Z,1

88@ zz(ﬁ] w(z,t)

(D(Z t):U1D*|W|2 UlD(Z): 262 /Zgzj e—82/282 dS

) e ) e \/; 7 )

- Linearcaseri]fgz :1/3&ﬂzo&/1¢0



P,
mtate Results for quais-1D

Vp(2) 20,VzeR & limV,;(z) =+ (confinement potential)

|z|] >0

& Theorem (Existence & uniqueness) (Bao, Ben Abdallah, Cai, SIMA, 12))

» There exists a ground state %y €S forany S, 4,&,n,
» Positive ground state is unique =€ |4,| with 6, eR
~ Casel: A(1-3n})20 & B-A(1-3n})20
- Orcasell  2(1-3nf)<0 & B+4(1-3n7)/220
& Dynamics results — global well-posedness of the Cauchy problem
& Convergence rate if p=0(s*) &1 =0(&")
it

w(X,Y,z,t)- e < v(z)o (X y) <C;e, 0Zt<T

L2




D
e _
Rotating Dipolar BEC

& Mathematical model
| il//(>*<,t) ={—%A+Vext(>‘<’)—QLz +Bly P +A(Ug*lv |Z)}W(2,t)

ot

— Where L, =1(yo,—x9,)
3 1-3(i-X)*/|Xf 3 1-3cos’(H)
Az | X[ Ar X
& Ground states

E(¢)=minE(g) with S={4||¢|=1&E(#) <o}

peS

Ug, (X) = icR® fixed & satisfies |fi|=1

£ [| 31968 Wt 19F L6+ 5 181+ Uy D)1 6F 8%

R3



FIG. 2. (Color online) Density of a rotating dipolar BEC around the
critical rotation frequency €2, for fixed v = 10, g = 250, gqa =
200, different polarization axis n = (sin¢},0,cosv) (J = 0 left
panel (a),(b); ¥ = /4 middle panel (¢). (d): ¥ = 7/2 right panel,
(e).(f)). The rotational critical rotational frequency ¢2. is found to be
0.195 < Q. < 0.196 (left panel), 0.232 < Q. < 0.233 (middle
panel), 0.357 < Q. < 0.358, with the corresponding lower bound
of rotational frequency for the non-vortex states and the upper bound
for the vortex state.



Y = arcsin(0.5)
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=
0 0
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D
(sin $,0,co0s3)’

T =0 # = aresin(0.3) ¢ = arcsin(0.8} ¢ = arcsin(0.98) ¥ = arvesin(0.99) =m/2

% E = = :

e, =095
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Dynamics of a rotating dipolar BEC
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Conclusion & future challenges

& Conclusion

— Ground state in 3D — existence, uniqueness & nonexistence
— Dynamics in 3D — well-posedness & finite time blowup

— Efficient numerical methods via DST

— Dimension Reduction --- 30> 2D & 3D->1D

— Ground states and dynamics in quasi-2D & quasi-1D

& Future challenges

— Convergence rate for reduction in O(1) regime
— Inrotating frame & multi-component & spin-1
— Dipolar BEC with random potential — disorder!!
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