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Three–dimensional direct numerical simulations of unforced, incompressible, free, spatially
evolving round jets are used to investigate the onset of instability at low diametral Reynolds
numbers (Re<500). Compact, coherent structures are identified by means of iso-surfaces of
vorticity and pressure fields and shown to be synonymous with instability modes. Once the inflow
velocity profile is fixed, as the Reynolds number increases from 200 to 500, the most amplified
unstable mode switches from the helical mode to the axisymmetric one, as expected from the
predictions of the viscous linear stability theory analysis and from experimental observations@J.
Fluid Mech.77, 511 ~1976!; Prog. Aerosp. Sci.21, 159 ~1984!# @ J. Fluid Mech.48, 547 ~1971!#.
At the upper limit of the investigated range of Reynolds numbers, the present simulations are
consistent with the widely accepted scenario of the space time development of the round jet
instability. This scenario is analyzed in detail. The appearance of pairs of axially counter-rotating
vortex filaments is found~for the first time, to our knowledge, in unforced, spatial numerical
simulations! to characterize the destabilization of initial axisymmetric vortical structures. The
spatial evolution of these structures is investigated and their role in vortex rings reconnection is
evidenced. For lower Reynolds numbers, a superposition of symmetry-breaking~helical! modes is
shown to characterize the instability of the round jet. The Fourier decomposition of the fluctuating
flow field allows the extraction of the helical modes and the identification of the flow patterns
resulting from their interactions. The attractor is shown to be a limit torus very close to the onset of
the instability. © 1997 American Institute of Physics.@S1070-6631~97!01911-9#
on
ty
,
m
w

ric
ym

ul

o
in
o

th

lity
n
u

er-
lity
s,

he
x-
con-
n-

lity
ita-
he
at
ue

ral
tion
et-
f
0.

or
a

by
I. INTRODUCTION

Since Rayleigh introduced stroboscopic illuminati
~1884! for flow visualizations and analyzed the jet instabili
problem ~1879! ~cf. Ref. 1!, the multitude of experimental
analytical and numerical studies concerning the free, ho
geneous, axisymmetric jet instability have considered t
distinct types~modes! of instabilities.

~1! Varicose instability, characterized by axisymmet
modes in which waves travel as a succession of s
metrical swellings and contractions.

~2! Sinuous instability, characterized by helical~spiral!
modes in which the waves appear as a rhythmic und
tion or twisting of the jet.

At the present time, the onset of one type of instability
another for the naturally evolving jet is not well defined
terms of the Reynolds number range. In the literature, m
of the studies deal~because of engineering applications! with
high Reynolds number jets~often forced! where the axisym-
metric modes are the most amplified. The presence of
helical ~symmetry-breaking! modes in the jet flow is re-
ported, at low Reynolds numbers, by both linear stabi
analysis and experimental studies, but reliable experime
and numerical data are not available for these Reynolds n
ber values.
Phys. Fluids 9 (11), November 1997 1070-6631/97/9(11)/3323
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The main purpose of this paper is to examine the coh
ent structures dominating the flow at the onset of instabi
in a naturally evolving axisymmetric jet. We shall focu
primarily, on low diametral Reynolds number jet flows (Re
,500), which are of basic theoretical importance for t
development of instabilities and for which the available e
perimental data appear to be incomplete and sometimes
tradictory. We examine the selection of the dominating u
stable modes — varicose or helical — during the instabi
development and for different Reynolds numbers. Quant
tive tools for their detailed description are provided. T
originality of the present simulations is given by the fact th
the instability onset is not forced, but it naturally occurs d
to the ‘‘numerical noise.’’

A. Experimental point of view

The early experimental work indicates that a gene
agreement on the critical Reynolds number and the evolu
with the Reynolds number of the instability in an axisymm
ric jet is difficult to obtain. Viilu2 reports the presence o
instability for diametral Reynolds numbers exceeding 1
Reynolds3 investigated the minimum Reynolds number f
instability in an axisymmetric dyed water jet submerged in
water tank. Four different shapes of the flow, defined
ranges of Reynolds number, were reported. For 10,Re
3323/20/$10.00 © 1997 American Institute of Physics
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,30 the steady state of the jet could be maintained~though
with difficulty!. For 30,Re,150 axisymmetric condensa
tions were observed, but further work4 showed that the axi-
symmetric condensations were due to the presence of ap
ciable background disturbances in the experimen
apparatus. For 150,Re,300 sinuous, long wavelength, un
dulations and a complex breakup occurred. ForRe.300 the
flow was disordered, even near the nozzle.

Becker and Massaro1 used air jets with a Reynolds num
ber in the range 600,Re,20000. For the low Reynolds
number regime, the observations are less detailed: for
unforced jet atRe51690 the disturbance observed was sin
ous and occurred at some distance downstream~5 nozzle
diameters!; sinuous instability was not observed at Reyno
numbers above 2300.

The experiments of Crow and Champagne5 showed a
continuous evolution of the dyed water jet shape from a
nusoid to a helix, and finally to a train of axisymmetr
waves, as the Reynolds number increases from 100 to 1

Mollendorf and Gebhart4 studied buoyant water jets a
low Reynolds numbers (138,Re,537). For slightly buoy-
ant jets at Reynolds numbers of 250 and 316 the symmet
disturbances introduced in the flow were seen to damp
while the asymmetric~helical! disturbances were highly de
stabilizing. Very small amounts of buoyancy destabilize
flow, but the spiral modes are still the most amplified.

As a consequence of the convectively unstable natur
the incompressible, spatially evolving mixing layer,6 a free
homogeneous jet is expected to be driven by surround
disturbances, which can explain the existence of few and
conclusive experimental studies at low Reynolds numb
Nevertheless, the existing studies pointed out two impor
features of the evolution of the jet flow instability for low
Reynolds numbers (Re,1000): the Reynolds number is
relevant parameter for the selection of the most amplifi
mode, and the typical evolution of the jet instability, as t
Reynolds number increases, is the continuous shift from
helical mode to the axisymmetric mode.

Experiments show that high Reynolds numbers or for
jets can reduce the influence of external mechanisms on
onset of instability; an abundant literature was constituted
the last 50 years in this field~see Ref. 7 for references!. For
a large range of Reynolds numbers (5500,Re,106), the
varicose instability was observed and the scenario of
early stages of evolution of the round jet seems to be uni
sal ~independent of the Reynolds number!: the shear layer
originating from the nozzle lip is inviscidly unstable via th
Kelvin–Helmholtz primary instability mechanism;8 the in-
stability waves grow downstream and roll up into coher
vortex rings;9 the structures merge as they are convec
downstream and determine the shear layer spread;10 stream-
wise vortex structures develop through a secondary thr
dimensional instability of the thin vorticity layer~braid! be-
tween two neighboring vortex rings.11

B. Theoretical point of view

From a theoretical point of view, the axisymmetric j
has two distinct instability length-scales: the initial she
layer momentum thickness (Q0), describing the near field
3324 Phys. Fluids, Vol. 9, No. 11, November 1997
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dynamics~near the jet exit! and the jet diameter (D) govern-
ing the evolution in the far field~above the end of the poten
tial core!. The two corresponding instability modes are t
high frequencyshear-layer modeand the low frequencyjet-
column mode~or preferred mode!.8

Stability characteristics of the round jet flow can be l
cally described by the linear stability analysis, assuming
undisturbed~base! parallel jet flow, infinitely extended in the
up and downstream directions. As in a real jet the shape
the local mean velocity profile evolves along the downstre
direction, different types of base velocity profiles are an
lyzed. The inviscid linear analysis of Batchelor and Gil12

demonstrated the unstable character of thetop-hat velocity
profile ~representing the flow close to the jet exit! with re-
spect to axisymmetric as well as helical modes for all valu
of the stream-wise wavenumber.

Mattingly and Chang13 considered the inviscid instabil
ity of the experimental velocity profiles for a Reynolds num
ber of 300 and showed that the axisymmetric mode do
nated close to the jet exit, whereas downstream of th
nozzle diameters the helical mode achieved the maxim
amplification.

The inviscid linear analysis of Plaschko14 allows for
slightly diverging flows. It indicates that for large values
the Strouhal number of the perturbation~i.e., near the nozzle
lip! the axisymmetric instabilities are more amplified th
their spiral counterparts; at a lower Strouhal number~occur-
ring at the end of the potential core! the first helical mode is
more unstable than the axisymmetric one.

Michalke15 used a family of tanh-velocity profiles to
evaluate the local instability of the jet flow to the end of t
potential core. For the inviscid linear stability analysis, t
relevant jet parameter is the local ratio between the jet h
width (R) and the momentum thickness (Q). The growth
rate of the first helical disturbances (m51) for R/Q.25 is
not much different to that of axisymmetric disturbanc
~m50!. ForR/Q510 the growth rate form50 is larger than
that for m51, while the inverse is true forR/Q55. In the
real jet, the jet parameterR/Q decreases in the downstrea
direction and consequently, the initial region of the jet
equally unstable to bothm51 andm50 modes, while at the
end of the potential corem51 is the most amplified mode

The linear stability analysis was extended to include v
cous effects by Morris.16 Jet velocity profiles characterizin
several stages of development of the round jet were ex
ined. Above a Reynolds number of 1000 the influence
viscosity on the growth rate was obviously small for a fix
jet parameter (R/Q). For a tanh-velocity profile, representa
tive of the region towards the end of the potential core,
Reynolds number is the parameter selecting the most am
fied unstable mode in the range 100,Re,500. For Re
5500, the maximum growth rate ofm51 is slightly larger
than that ofm50 and with decreasingRe, the axisymmetric
mode becomes significantly less unstable than the he
one.

The viscous, linear stability analysis was applied
Mollendorf and Gebhart4 for the round jet, using a boundary
layer base flow~characteristic of the far field!. It was found
that the first helical mode was amplified over shorter d
Danaila, Dušek, and Anselmet
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tances as the frequency and Reynolds number increased
axisymmetric mode was found to be unconditionally stab

The local parallel theory describes well the initial dev
opment of the instability in high Reynolds number jets, b
its applicability in analyzing real jet flows is limited to sho
distances in the stream-wise direction. For the unpertur
jet (Re542000), Cohen and Wygnanski17 found good agree-
ment between the inviscid linear stability results and the
perimental data for a narrow zone near the nozzle (0.
,z/D,0.25), where the variation of the local momentu
thickness was negligible. They also underlined the m
drawback of the local linear stability theory which is unab
to account for the spread of the shear layer; in reality,Q
increases downstream and the most amplified instab
waves shift toward lower and lower frequencies. Indeed
has been shown18 that the unstable wave is sensitive only
mean flow features extending over length-scales excee
its wavelength. In jets, this wavelength is typically of th
order of the diameter even close to the nozzle ('0.6 for
R/Q550 andRe5500 in the parallel analysis of the initia
mixing region profile of Ref. 16!. Consequently, one coul
expect the entire evolution of the mean velocity profiles
the initial zone corresponding to the first wavelengths to
significant for the development of the unstable mode, and
only the inflow velocity profile, as usually assumed.

C. Numerical point of view

Direct numerical simulations have proven very effecti
in elucidating features of the primary and secondary ins
bilities of the axisymmetric jet. The numerical ‘‘exper
ments’’ eliminate uncontrollable disturbances, usually occ
ring in the laboratory experimental devices, but they br
the problem of boundary conditions. Inflow and outflo
boundary conditions must be astransparent as possible,
meaning that unphysical reflections at the boundaries sh
be minimal. Partly to elude this difficulty, partly to reduc
the domain size and to zoom on a single coherent struc
the great majority of the simulations use the so-called ‘‘te
poral’’ model, which assumes the flow to be spatially pe
odic in the downstream direction.

Temporally evolving three-dimensional calculations, u
ing vortex filaments,19 spectral20,21 finite-differences22 or
combined spectral-finite-differences techniques,23 are helpful
in understanding the dynamics of the vorticity flow field a
the evolution of coherent structures. Meanwhile, it should
emphasized that there is no exact transformation betw
temporally and spatially evolving shear flows.24 Conse-
quently, temporal simulations are depleted of anyspatial in-
formation ~as flow spreading! and offer only a qualitative
description of the evolution of vortex structures.

However, laboratory flows evolve both in space and
time, and a more realistic simulation must be based on
‘‘spatial’’ model. For non parallel flows, the parallel o
weakly parallel theory may be unable to distinguish rea
unstable global modes,18 the stream-wise coupling being e
sential for the determination of their instability.6 Numerical
simulations for forced25 or unforced26,27 spatially developing
axisymmetric mixing layers assume that the essential jet
namics is inviscid and consequently, simulate high Reyno
Phys. Fluids, Vol. 9, No. 11, November 1997
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numbers (103<Re<106) flows. Recent development of th
large eddy simulation techniques allowed fully 3D, spat
simulations of free forced jets, for relatively high Reynol
numbers (Re'20000),28,29 but, surprisingly, the extent o
literature on detailed numerical simulations of spatially, u
forced 3D jet flows, for low Reynolds numbers is very lim
ited.

D. Paper organization

The paper is organized as follows. The main features
the numerical implementation and data concerning the in
ence of the numerical discretization and boundary conditi
on the accuracy of the solution will be presented in Sect
II. The techniques used for the coherent structures visual
tions are briefly discussed in Section III. In Section IV w
will describe the numerical results for a Reynolds number
500, when the varicose mode dominates the instability on
Our simulations follow the instability development until
chaotic asymptotic state is reached. A behavior very sim
to that reported from experiments and other simulations
significantly higher Reynolds numbers is found. The expe
mentally and numerically reported coherent structures
scribed at the end of subsection I A are obtained and c
pared with previous simulations in periodic configuration
In Section V we will focus on the primary instability inves
tigations. At low Reynolds numbers~at Re5300 and below!
the observed characteristics of the instability confirm that
helical modes are the most amplified. A method for the sp
ting of the fluctuating flow field in helical modes and a d
scription of the dynamic characteristics for Reynolds nu
bers near the onset of unsteadiness are given. Finally
Section VI, we will draw some conclusions and possibiliti
for future investigations.

II. NUMERICAL IMPLEMENTATION

Direct numerical simulations of three-dimensional, sp
tially evolving jets at low Reynolds numbers, are perform
using the NEKTON code based on a spectral elem
method. The NEKTON code was successfully used in va
ous studies concerning flow instabilities.30–32 A detailed de-
scription of the numerical procedures allowed by the NE
TON code ~domain design, computation of the time
dependent solution and data post-processing! is given by
Neitzel et al.32

The code allows fully 3D simulations by filling the com
putational domain with spectral elements in all three spa
directions. NEKTON uses Langrangian interpolation on
Gauss–Lobatto–Legendre mesh. In the predictor step,
velocity field is calculated; the pressure and convective te
are treated explicitly~a third order Adams–Bashforth multi
step scheme is provided!. The diffusion terms are treate
implicitly by using a third-order backward differentiatio
multi-step scheme. The corrector step provides the pres
correction as the solution of a Poisson equation and the
locity field correction as that of a Helmholtz equation. Bo
linear systems are solved by a pre-conditioned conjugate
dient method.
3325Danaila, Dušek, and Anselmet
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The most important advantage of the spectral elem
discretization is its local~within one element! spectral accu-
racy that can be non uniformly distributed throughout t
computational domain in order to capture very dispar
length scales existing in different regions. It has to be
marked that this flexibility brings about a drawback in t
form of discontinuities of the velocity field derivatives
element interfaces. This might be a nuisance if a spec
local detail of the flow needs to be known. For the purpose
instability investigation it appeared, however, that the imp
of these discontinuities on the instability investigation
quite moderate and can fairly easily be quantified.33 A simi-
lar three-dimensional discretization has recently been u
with success to simulate the dynamics of the wake of a fi
cylinder:34 the impact of local inaccuracies on the glob
behavior was shown to result barely in shifting the critic
Reynolds number downward and the frequencies upward

A. Selection of physical parameters of the spatial
simulation. The inflow velocity profile

The simulation of a spatially evolving jet approach
most closely an experimental setup. Our geometrical c
figuration simulates an unconfined round jet issuing from
circular orifice of diameterD52R0 in a solid~no slip! wall.
As mentioned in Section I B, the diameter of the orifice fix
the characteristic length scale of the simulation. The velo
scale is given by the maximum of the inflow stream-w
velocity (Vz0)max. The ratiot05D/(Vz0)max yields the used
time scale. In what follows, all the quantities are non dime
sionalized using these characteristic scales. The resu
Reynolds number is defined asRe5(Vz0)maxD/n.

An important effort has been made to optimize the d
cretization parameters in order to capture all possible st
of the jet flow in the Reynolds number range of 10<Re
<500. The mesh is shown in Fig. 1. It has 65 thre
dimensional spectral elements, covering an axisymme
computational domain of radial sizeDmax510.66 and longi-
tudinal lengthLz520. Note that the slowly diverging distri
bution of the 3D spectral elements in the downstream dir
tion was iteratively obtained in order to follow the spa
evolution of the jet mixing layer.

In the absence of reliable experimental data, the cho
of the inflow profile is not straightforward. Two types o
velocity profiles were used as inflow boundary condition
top–hat velocity profile @Vz0(r )51,r ,R0 and Vz0(r )
50,R0,r ] and the largely used20,21 hyperbolic tangent
~tanh! profile ~profile 1 from Ref. 35!,

Vz0~r !50.5$11tanh@0.5R0 /Q0~12r /R0!#%, ~1!

whereQ05*0
`Vz0(r )(12Vz0(r ))dr is the initial momentum

thickness. We considered that a jet parameter (R0 /Q0)
larger than 20 is necessary for this study. Indeed, for suc
ratio, the linear stability theory shows that, though the ma
mum inviscid amplification rates are similar for the first h
lical mode (m51) and the varicose mode (m50), the Rey-
nolds number is the parameter selecting the most ampl
unstable mode, when it varies between 100 and 1000.
ratio of R0 /Q0'20 is already obtained with 7 collocatio
points. To resolve the initial shear layer the spatial discr
3326 Phys. Fluids, Vol. 9, No. 11, November 1997
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zation has to accommodate a global length scale ratioLz /Q0

of almost one thousand. The spectral element spatial disc
zation implemented in the NEKTON code is particularly e
ficient for this purpose~note that a similar ratio would re
quire a prohibitively large mesh if a homogeneous fin
difference discretization was to be used!.

B. Numerical accuracy and mesh optimization.
Physical meaning of the unforced jet simulation

Preliminary computations33,34 indicated that, of the three
formulations available in NEKTON, the ‘‘split’’~fractional
step method! formulation provides accuracy equal to oth
formulations with a substantial reduction in CPU time~see
also Ref. 32!. The overall time accuracy of this semi-implic
formulation is ofO (Dt) only. However, the local refinemen
existing in the nozzle and a rather high Reynolds num
result in a very restrictive CFL criterion, because the impli
treatment is based on the inversion of the Laplacian oper

FIG. 1. Spectral elemental mesh obtained with 9 collocation points in e
spatial direction. The computational domain has 65 spectral elem
~grid 1!.
Danaila, Dušek, and Anselmet
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in the Navier–Stokes equations. For example, atRe5500
and with 9 collocation points, 250 time steps correspond
the shortest time scale in the simulation, which makes hig
order time-stepping pointless.

Our three-dimensional calculations are performed
Cartesian coordinates in a cylindrical computational doma
The azimuthal breakup of the domain into spectral eleme
makes that the space discretization is not strictly axisymm
ric. The effect of this inaccuracy has been tested by incre
ing the number of elements in the azimuthal direction b
factor of two~8 instead of 4!. The test consisted in monitor
ing the changes of the parameters of the instability obser
at Re5225. No appreciable differences were stated~see
Table Ia and Section V!.

The parameters characterizing the domain discretiza
are its decomposition into spectral elements and the ch
of the number of collocation points per spatial direction
side an element~Norder parameter!. As far as the size of the
elements and their distribution is concerned, our previ
experience with two- and three-dimensional discretizati
of this type33,30,34 showed that a good strategy consists
selecting relatively large elements, respecting the requ
ment that the resolved structures should not be smaller
the size of the element inside which they are situated.
presence of the jet and its shear layer led to the choice
resented in Fig. 1. The relatively large size of the eleme
yields some ~limited in three-dimensions! overhead for
choosing a high enough spectral resolution inside the
ments. We tested whether the number of collocation poin
adequate to resolve such a shear layer by computing
steady velocity profiles of the unperturbed unstable flow g
ing rise to the unsteadiness. This is quite easy because o
short simulation is necessary for eliminating the numeri
transients. We ran simulations at Reynolds numb

TABLE I. ~a! Influence of the discretization accuracy on the primary ins
bility characteristics: the critical Reynolds number and the critical Strou
number. For the reference simulation~grid 1, Lz520, top-hat inflow veloc-
ity profile, Norder57! Recr5220,Stcr50.169.~b! Influence of the Norder
parameter on thepreferredStrouhal number forRe5500.

~a!
Variation
of Recr

Variation
of Stcr

Type of test ~%! ~%!

Influence of the domain length
Lz520→Lz515 1.75 0.59
Influence of the inflow velocity profile
top2hat→tanh(R/Q0523.6) 3.20 0
Influence of the azimuthal resolution
grid 1→grid 2 1.52 0.29
Influence of the jet mixing layer resolution
grid 1→grid 3
(* tanh velocity profile! 4.41 1.77
Influence of the Norder parameter
Norder57→Norder59 30.90 23.10

~b!
grid 1, Norder57 grid 1, Norder59 grid 1, Norder511

Nodes 22 295 47 385 86 515
StD 0.405 0.310 0.387
Phys. Fluids, Vol. 9, No. 11, November 1997
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Re5200, 300 and 500, with 7, 8 and 9 collocation points p
spatial direction starting from a steady axisymmetric~within
the numerical accuracy discussed above! flow at Re5200.
The most unfavorable case with the strongest transients
earliest instability onset corresponds toRe5500. At t520
the instability~here of the Kelvin–Helmholtz type - see Se
tion IV! only leaves the linear regime and the mean flow c
be considered as a reasonable approximation of the un
turbed~base! flow. The velocity profiles have thus been o
tained as mean values in the non dimensional time inte
7,t,15 ~the numerical transients decay at aboutt56).
These profiles have, indeed the expected character~plotted in
Fig. 2 at Re5500 for 9 collocation points! which is very
well reproduced by the formula~profile 2 from Ref. 35!

Vz~r !/~Vz!cl50.5$11tanh@0.25R/Q~R/r 2r /R!#%, ~2!

where R and (Vz)cl are, respectively, the local half-widt
and the centerline stream-wise velocity, and the local m
mentum thicknessQ is defined in the usual way:

Q5E
0

`

Vz~r !/~Vz!cl~1 2Vz~r !/~Vz!cl!dr. ~3!

As can be seen from Fig. 2 the shear layer is very rapi
dissipated at this Reynolds number. For high Reynolds nu
bers, the variation of the local jet parameterR/Q is usually
simply expressed as~Refs. 35, 14!: Q/R50.06(z/D)10.04.
The coefficients of this equation may depend on initial co
ditions at the nozzle~such asQ0) but are independent of th
jet exit Reynolds number. In our simulations, with a fixe
initial velocity profile ~the sameQ0), we observed that for a
varying exit Reynolds number, different downstream evo
tions of the local jet parameters are obtained~Fig. 3!. Note
that for z/D.0.5 this variation is within the range 5,R/Q
,12 reported by linear stability analysis35 to be ‘‘sensitive’’
for the selection of the most amplified unstable mode (R/Q
55: m51 is the most amplified,R/Q'12: m51 and m

-
l

FIG. 2. Unperturbed base velocity profiles forRe5500 ~solid lines!. The
symbols represent the theoretical tanh-velocity profile@eq. ~2!#.
3327Danaila, Dušek, and Anselmet
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50 are equally amplified!. In addition, the local Reynolds
number Rel5(Vz)cl(2R)/n slightly varies along the axis
compared to the inflow Reynolds number~maximum 15% of
variation!. Consequently, we expect, from the predictions
the viscous stability analysis,16 that in the considered range
the exit Reynolds number is an important parameter in
selection of the most unstable mode.

We also checked how for a given Reynolds number
profiles vary with increasing discretization accuracy. A
though, at the inflow boundary with atop-hat velocity pro-
file, the obtainedR0 /Q0 ratio varied quite considerabl
~from 20 with 7 collocation points to 26.5 with 9 points an
40 with 11 points!, as close asz50.5D downstream of the
nozzle, the (R/Q)(z) curves become superimposed. As 0.5D
corresponds to less than one wavelength~about 0.8D — see
Fig. 8! of the Kelvin Helmholtz instability evidenced atRe
5500, the instability is only weakly sensitive to this e
tremely local difference~see Ref. 18!. Indeed, when thetop-
hat profile was replaced by a hyperbolic tangent one@eq.~1!#
with R0 /Q0523.6, no appreciable difference in the dyna
ics of the simulated flow resulted. This explains why a qua
tatively very similar behavior to that described in Section
~9 collocation points used! could be obtained with only 7
collocation points.

The ultimate test of the discretization accuracy is
sensitivity of the instationarity threshold and of the critic
frequency to the mesh improvements. All mentioned d
cretization parameters have been tested on this basis.
results for different test cases are presented in Table Ia.
corresponding radial and azimuthal distribution of spec
elements is presented in Fig. 4.

As far as the sensitivity of the flow to the mesh refin
ment in the close neighborhood of the nozzle is concerne
appears that its influence on the critical frequency is mod
ate. In contrast, the threshold of the instability onset
creases quite considerably if the resolution is increased
understand that, we investigated how the flow field varie
the spatial resolution is improved. We found that the me

FIG. 3. Stream-wise variation of local jet parameters: local momen
thickness (Q) and ratio between the local half-width and the local mome
tum thickness (R/Q) for different Reynolds numbers and the same nume
cal discretization~Norder59!.
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refinement results in appreciable variations of the flow fi
only very close (z,1.5 D! to the nozzle. If this zone is
excluded the mean square variation of the velocity field
the whole computational domain was found to be less t
1% when the resolution was improved from 7 to 11 colloc
tion points. We concluded that the instability in our simul
tion is triggered by numerical noise in this zone close to
nozzle. This numerical noise does not result from round
errors and does not introduce any artificial randomness.
instability is forced by the discontinuities of derivatives
spectral element interfaces, which have been recognized33,34

to tend to force numerically simulated hydrodynamic ins
bilities in wakes.~In the present case they introduce an a
ficial recirculation in a very confined neighborhood of th
inflow.! This situation is much the same as in experimen
where the onset of instationarity depends on the level
experimental noise. Indeed, it has been recognized6 that cold
jets are convectively unstable and act essentially as n
amplifiers. The critical Reynolds number has thus not mu
sense if we do not focus on the problem of how the insta
ity is triggered.

The mechanisms of instability generation in experime
tal devices are of various origins7 and generate a large scatt
(.50%! in the measured parameters such as thepreferred
Strouhal number. The fact that, in our simulations, the N
der parameter yields a varying numerical excitation has b
verified for the simulation atRe5500. The same scenario o
the flow evolution~see Section IV! is found for Norder57, 9
and 11. ThepreferredStrouhal number varies by, at mos
22%, and remains within the experimentally reported ran
of variation ~see Table Ib!. Note that this variation is no
monotonic as a function of the Norder parameter, sugges
that it results from local numerical perturbations rather th
from the increase of the overall accuracy.

Purely hydrodynamic origins might be investigated n
merically, but the fact that the zone of the instability gene
tion is confined in the shear layer close to the nozzle sho
that resolving such details represents a further qualita
step going beyond the scope of this paper. As a result,
simulations presented in this paper have to be considere
representing with about 1–3% accuracy the space–time
lution of a jet in a domain extending roughly from 1.5 D
20 D downstream of the inflow. The instability is generat
by a numerical noise of a controlled level~by the Norder
parameter! which allows the investigation of a single param
eter influence — the Reynolds number — on the unsta
mode selection.

-
-

FIG. 4. Radial and azimuthal distribution of spectral elements at the infl
section for the tested grids. From left to right:grid 1, grid 2, grid 3.
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C. Boundary conditions and tests

On the circumference of the domain and at its outfl
section, the normal pseudo-traction and the tangential
cous stress are set to zero (2p11/Re]'V'50, ] iV'

1]'Vi50, where' andi denote the normal and tangenti
directions to the boundary surface!. It is assumed that unde
proper usage, the term 1/Re]'V'50 is negligible at the
boundary and therefore the pressure is set to the amb
~zero! pressure at the boundaries. These conditions allo
volume exchange with the outside of the domain. This
peared to be very useful not only to simulate properly
outflow of the domain but also to respect the stream-w
momentum conservation~and thus the mass non conserv
tion!. Tests have shown that, unless a prohibitively la
domain diameter is used, the confinement effect of the u
ally used slip-wall lateral boundary conditions is non neg
gible. With these computational domain dimensions a
boundary conditions, the flow was found practically insen
tive to a further lateral and downstream increase of the si
lation domain.

The absence of spurious reflections at the bounda
which can affect the solution and even trigger glob
instabilities36 was verified. The first numerical test verifie
that the vortex structures leave the computational dom
without reflections. Figure 5 shows the establishment of
flow field for a Reynolds number of 200. The calculatio
starts from uniform initial conditions. The leading vorte
ring travels and expands within the computational dom
and finally leaves it properly, without reflections. Witho
additional forcing, a steady state is obtained at this Reyno
number. In the second numerical test, the computational
main was shortened by the last layer of spectral eleme
yielding a domain ofLz515. The highest Reynolds numbe
considered in these simulations was chosen to put to the
the influence of the stream–wise length of the computatio
domain. The vorticity fields~Fig. 6! are shown to be identi
cal for the two calculations for a long simulation time. F
t515 andt553.6 identical structure of the flow can be o
served in the two domains;t574.3 corresponds to the ons
of chaotic regime in both domains; fort594.5, fairly devel-
oped large eddies have comparable behavior in both
mains. In conclusion, the vorticity fields are identical for t
two calculations for a time period equal to 2.5 times t
residence time of the vortex structures within the dom
considered (t'75), corresponding to the onset of an over
vortex break up.

III. FLOW VISUALIZATIONS

Two intuitive indicators of vortices are easily at han
after a numerical simulation: the pressure minimum and
vorticity surfaces. Jeong and Hussain37 proved that these cri
teria are often necessary, but not sufficient to detect a vo
core, especially in wall-bounded or turbulent flows. Ho
ever, the instantaneous vorticity field provides an effect
means of free shear flow visualization and coherent struc
identification, comparable with more complicated metho
when we focus on the transitional region.
Phys. Fluids, Vol. 9, No. 11, November 1997
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In the early stages of the jet evolution~rolling and pair-
ing!, coherent structures with obvious regularity in time a
space appear, and the vorticity magnitude (uvu) is sufficient
to detect them.38 On the other hand, details of the next stag
of the jet evolution~secondary instability and further! can be
obtained only if the cylindrical components of the vortici
~azimuthal vu , radial v r and longitudinal vz) are
visualized.21

In the following sections, coherent structures are visu
ized by means of iso-surfaces of different components of
vorticity. A useful indicator of the choice of the compone
to be visualized is provided by the time evolution of the ro
mean square~RMS! of the instantaneous velocity and vortic
ity components, defined by the operator21

~Ef!~ t !5A 1

pRmax
2 Lmax

E E E f2~r ,u,z!rdrdudz. ~4!

It was seen that all velocity and vorticity components a
equally important in the flow analysis. We have to take in
account that the size and the number of identified vorti
depend on the selected threshold of the identifier; we con
ered an intermediate low level~35% of the maximum abso
lute value! in most of the following visualizations.

The pressure minimum criterion, successfully used
Grinsteinet al.27 to identify vortex rings in the transitiona
region of an axisymmetric jet, was also tested. The press
drops below ambient pressure in the core of the ring a
rises above ambient pressure between the rings.

IV. HIGH SUPERCRITICAL REYNOLDS NUMBER

For a Reynolds number of 500, the unforced jet flo
simulations use as initial conditions the axisymmetric a
steady flow field obtained forRe5200. The simulation pa-
rameters areLz520, 65 spectral elements, 9 collocatio
points and atop-hat inflow velocity profile.

After a rapid relaxation of the numerical transients, t
initially axisymmetric flow is spontaneously destabilized
the ‘‘numerical noise’’ and it undergoes a Kelvin–Helmhol
primary instability. The subsequent evolution of the sim
lated jet flow provides a qualitative assessment of the form
tion and dynamics of large scale vortical structures descri
in the widely accepted scenario for high Reynolds numbe
The most important stages of the flow evolution from a l
early unstable mode to the chaotic stage are detailed
compared with previous findings of ‘‘temporal’’ simulation
in the following subsections.

A. Vortex roll-up

At this Reynolds number, the steady~basic! flow is lin-
early unstable, the linear mode being axisymmetric of
Kelvin–Helmholtz type. The local basic velocity profiles
the near field can be well approximated~Fig. 2! by a tanh-
velocity profile. The initially slight linear growth of the en
ergy content of the radial velocityEv r ~Fig. 7, upper plot!
and the very small level of the stream-wise vorticityEvz

~Fig. 7, lower plot! correspond to the roll-up of coheren
vortex rings, characteristic of the saturation of the Kelvin
Helmholtz instability. Frames of the early stages of the flo
3329Danaila, Dušek, and Anselmet



FIG. 5. Exit boundary condition test forRe5200. The calculation starts from uniform initial conditions. Iso-contours of the vorticity (uvu) are shown.
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FIG. 6. Test of the influence of the stream-wise size of the computational domain forRe5500. The calculation used as an initial condition the steady fl
field obtained forRe5200.
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~Fig. 8! show that rings emerge at an essentially fixed d
tance from the nozzle edge,zroll '1.8. The sequence of th
flow evolution, from which the frames in Fig. 8 are e
tracted, permits us to determine the convection velocity
the vortex rings and their frequency of emergence. The c
vection velocity is estimated atVzc'0.48, very close to the
theoretical value of 0.5.7 A new vortex ring is generated with
a regular period of approximately 1.7, which gives a rolli
frequency of 0.59. Spectra of the axial velocity signals tak
at two different spatial locations on the axis and for the sim
lation time range 5,t,110~Fig. 9a! show a peak very close
to this value, atf 050.62. Figure 10 shows that the vorte
pairing begins upstream of the points at which the spectr
Fig. 9a are taken, therefore these spectra are already d
nated by the peak corresponding to the half-frequency (f 0/2)
~see the next subsection!. To make a comparison with know
theoretical predictions, let us assume that the momen
thickness obtained atz/D50.5 is pertinent~Fig. 3!. In view
of the fact that the simulation has been found only wea
sensitive to the discretization, we consider the station wh
the effect of the discretization was already found as ne
gible. This yields aQ'0.029 value. The Strouhal numbe
based on this momentum thickness and the jet exit velocit

StQ5
f 0Q

Vz0
50.018,
Phys. Fluids, Vol. 9, No. 11, November 1997
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which is in good agreement with the experimental values
the Strouhal number of the most amplified frequency in
jet shear layer, with values scattering from 0.01 to 0.027

The theoretical value for the inviscid shear layer of fin
thickness, characterized by a hyperbolic tangent velo
profile, is 0.017.35

The Kelvin–Helmholtz instability reaches a level
which non linear effects set on at aroundt520 ~Fig. 7!.
Vortices with obvious regularity in time and space can
observed in the frames of Fig. 8. At this stage of the flo
evolution, the vorticity, essentially constituted by its az
muthal component, concentrates into ring vortices while
braid regions become depleted. The flow field is still axisy
metric; Evu , which evaluates the departure from axisym
metry ~Fig. 7!, stays two orders of magnitude belowEv r . It
should also be noticed from Fig. 7 thatEvu andEvz start to
grow beforet520, meaning that the secondary instabili
starts to develop before the saturation of the primary ins
bility.

In Sec. II we mentioned that using a less accurate spa
discretization defined by only 7 collocation points per spa
direction of spectral elements allowed us to have a qua
tively correct picture of the flow behavior. The lower res
lution tends to over predict the frequencies. Spectra m
sured in the same points as in Fig. 9a indicated a hig
Kelvin–Helmholtz frequencyf 050.806. The corresponding
3331Danaila, Dušek, and Anselmet



FIG. 7. Re5500. Temporal evolution of the energy contents in the velocity and vorticity components. The operator~E! is given by eq.~4!.
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Strouhal number, based on the momentum thickness atz/D
50.5, is then 0.023.

B. Vortex merging

Flow visualization experiments1,5 have demonstrated
that a single vortex–pairing process occurs in the Reyno
number range 33103,Re<104. Our simulation for Re
5500 also shows a single vortex-pairing process. Sub
3332 Phys. Fluids, Vol. 9, No. 11, November 1997
s

e-

quent flow visualizations, as shown in Fig. 10, allow us
identify the location of the vortex pairing, defined as t
place where the two interacting vortices are vertica
aligned. In Fig. 10, we can consider that the pairing proc
is achieved in frame~e! and, consequently, the merging lo
cation isz'3.6.

Frames~a! and ~f! are nearly identical, suggesting th
the merging occurs with a regular period of approximat
Danaila, Dušek, and Anselmet
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3.02, giving a frequency of 0.33. This frequency is near
highest peak observed in the spectra of Fig. 9a, locate
f 15 f 0/250.31, suggesting that the low frequency peak o
served in the spectra corresponds to the frequency of p
ings. This finding is in very good agreement with the the
retical and experimental results, showing that vortex pair
is associated with the saturation of the first sub-harmo
f 0/2 of the most amplified frequency in the jet shear laye8

In terms of the Strouhal number based on the jet diam
StD5 f 1D/Vz0, the low frequency modulation givesStD
50.31. This is in the range 0.24,StD,0.5 in which the
preferred jet modeis known to lie.5–7

We can observe simultaneously the vortical structu
before and after merging. The downstream vortex ring gro
by viscous diffusion and entrains the smaller upstream r
by vortex induction~Fig. 10!. The space–time regularity o
pairings is not a result of numerical periodicity like in ‘‘tem
poral’’ simulations. It can be explained by a feedback p
cess, generated by pairings themselves, responsible fo
re-initiation of new vortex roll-up.26,25 The feedback
formula39,7 describes how the pressure perturbation gen
ated by vortex merging will propagate upstream and fo
new vortex pairings. In a low speed jet, this formu
becomes7

f iD

Vzc
zi52 ; ~5!

f i5 f 0/2i andzi are the frequency and the location of thei-th
pairing,Vzc is the convection velocity. For the first mergin

FIG. 8. Re5500. Roll-up of the coherent vortex ring phase. Instantane
surfaces of the constant vorticity magnitude at a threshold of 35% of
maximum value (uvu/uvumax50.35).
Phys. Fluids, Vol. 9, No. 11, November 1997
e
at
-
ir-
-
g
ic

er

s
s
g

-
the

r-
e

location (i 51), the feedback formula givesz152Vzc / f 1

52•0.48/0.3153.1, a value reasonably close to that found
our visualizationsz1'3.6.

C. Secondary stream-wise structures

At the relatively high Reynolds number considered
this section, the linear axisymmetric mode is completely
stroyed by non linear effects. The subsequent frames of
flow evolution ~Fig. 11! show that pairs of counter-rotatin
stream-wise vorticity (vz) filaments form in the braid region
between two consecutive vortex rings. Recent experime
studies11 and ‘‘temporal’’ direct numerical simulations20,21

offer a complete picture of the generation and evolution
such structures in constant-density jets.

Our simulations are in very good qualitative agreem
with these previous studies. The vortex rings become m
distorted as they travel downstream and are subjected to
muthal perturbations. These perturbations are amplified
the vortex sheet connecting two vortex rings and lead to
onset of stream-wise vortex filaments.11 The space–time
growth of the stream-wise filaments can be observed in F
11. The stream-wise vorticity is stronger downstream of
vortex ring@Fig. 11, frame~a!#, as the inviscid simulations o
Martin and Meiburg19 showed. The vortex rings remain com
pact and the filament growth is inhibited by vortex pairin
@Fig. 11, frames~b! and ~c!#, a process also observed
mixing layers.40 This stage corresponds to a linear growth
the energy content in the azimuthal velocity (Evu) and the
stream-wise vorticity (Evz) ~Fig. 7, t.60). Betweent560
andt584, the values of (Evu),(Evz),(Ev r) are nearly con-
stant, marking the saturation of the secondary instability
should be also noted that the peak of stream-wise vorticit
about 20% of the peak of azimuthal vorticity and in Fig. 1
the iso-surface levels were chosen accordingly. In plane m
ing layers, the measured ratio between the peaks of
stream-wise and span-wise vorticity varies between 7%41

and 30%.42

The spatial distribution of the stream–wise vorticity
shown in Fig. 12 fort566.81@corresponding to frame~c! in
Fig. 11#. The longitudinal cut passes through the jet axis a
the core of a negative filament and the cross-stream cuts
chosen in the region of the maximum growth of the strea
wise filaments. The filaments originate from the upper~low
speed! periphery of the upstream ring~cut a!, extend through
the braid region~cut b! and bend towards the lower~high
speed! periphery of the downstream ring~cut c!. New fila-
ments start from troughs of the downstream distorted ri
which loses its coherence and breaks into lobes~cut d!. In the
core of vortex rings we can also observe the presence
stream-wise vorticity of opposite sign to the stream-w
vorticity on the exterior of the rings. The stream-wise stru
tures in the ring core region are more circular than those
the braid region which are elongated in the radial directio

These features agree with direct simulations of rou
jets evolving in time.20,21Temporal simulations show that th
number of pairs of stream-wise filaments is determined
the imposed initial azimuthal perturbation. There is, so f
no evidence of a ‘‘preferred’’ azimuthal mode. This is co
firmed by Cohen and Wygnanski43 who show that resonan

s
e
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FIG. 9. Re5500. Spectra of the axial velocity at two different spatial locations~left! x5y50, z52.95 and~right! x5y50, z54.045. The signal in the time
interval ~a! 5,t,110; ~b! 100,t,260. The vertical axis is linear and it has arbitrary units.
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interactions of different azimuthal modes may gener
modes with new azimuthal wave-number. Liepmann a
Gharib11 reported that the number of stream-wise structu
increases with the Reynolds number; for a Reynolds num
of 3000 a mode 6 was observed. In our unforced simulatio
we observed a coherent azimuthal mode 4, which is proba
triggered by the azimuthal distribution of the spectral e
ments. Further numerical tests using a refined computati
domain in the azimuthal direction~grid 2 from Fig. 4!
showed the same distribution of the pairs of stream-wise
ments, but their azimuthal symmetry was more rapidly b
ken. We can conclude that the numerical perturbation in
duced at the spectral elements interfaces is a sm
amplitude, broadband excitation and, consequently, it
trigger only a ‘‘natural’’ mode.44 In this latter simulation, the
number of pairs of filaments does not correspond to the n
ber of spectral elements in the azimuthal direction and
observed mode 4 is thus one of the possible unsta
modes.43

D. Vortex rings reconnection and vortex breakup

After t580 a new growth of the energy content in th
azimuthal and radial vorticity components is observed in F
3334 Phys. Fluids, Vol. 9, No. 11, November 1997
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7 indicating that the build up of the secondary stream-w
structures has finished. The dominance of the stream-w
structures downstream of 4 diameters is obvious in Fig.
frame ~c!. The stream-wise filaments are stretched by
high field strain and are pulled outward from the jet axis
the moving primary structures. Downstream of the poten
core, they become strong enough to dominate the flow fi
@frame ~d!#. A viscous diffusion process, identical to th
acting on the vortex rings, is responsible for the growth
the stream-wise structures as they are convected do
stream. The azimuthal symmetry of the stream-wise fi
ments distribution, observed in the previous frames, is lo
The vortex rings, continuously generated at the inflo
boundary, become distorted at locations closer and close
the nozzle.

The flow rapidly becomes too complex to allow a d
tailed description of the development of all its features. T
broadband character of the spectrum of the simulated ve
ity signal in Fig. 9b indicates that the flow is already chaot
Nevertheless, a last stage, involving large coherent st
tures, could be observed before the transition to chaos:
the vortex reconnection between tilted rings, shown in F
13 in terms of iso-surface of vorticity magnitude and selec
Danaila, Dušek, and Anselmet
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vortex lines. It should be remarked that the corresponde
of the formerly observed structures~rings and filaments!
with concentrations of different components of the vortic
field (vu and vz) is no longer valid. Vortex lines starting
near the ‘‘debris’’ of vortex rings have large~spiral! incur-
sions in the stream-wise direction, indicating that the top
ogy of the vorticity field has changed as a result of rec
nection. Before reconnection~figure not shown!, the same

FIG. 10. Re5500. Vortex pairing. Instantaneous surfaces of the cons
vorticity magnitude at a threshold of 35% of the maximum value.
Phys. Fluids, Vol. 9, No. 11, November 1997
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vortex lines were circular in the vortex rings cores and p
sented loop deformations wrapping around the correspo
ing undulating rings~a similar picture is presented in Re
28, Fig. 7!.

Based upon successive visualizations of the nonstat
ary field, we can speculate that the reconnection mechan
is initiated by the entrapment of the stream-wise filame
during the pairing process. Figure 14 shows the evolution
the fusion stage of the pairing process. Before the satura
of the 3D secondary instability, when the filaments are we
the vortex ring fusion is axisymmetric and the filaments a
destroyed by pairing~t577.16!. At later times, the stream
wise filaments structures are strong enough to persist a
the pairing~t599.5!. The breaking of the azimuthal symme
try of the filaments distribution induces an obvious tilting
the rings before pairing~t5120.48!. Once the tilting is pro-
duced, the induction mechanism presented by Broze
Hussain45 ~see their Figure 13! explains its amplification and
the entanglement of the vortex rings. A cut-and-connec
process~see Figure 15 from Ref. 44!, during which two ad-
joining vortex structures are cross-linked, will lead to t
reconnection between the partially paired rings and a ne
generated and incompletely formed ring near the nozzle.
resulting spatial configuration of the vorticity field~presented
in Fig. 13! has the aspect of a large helical-like structure, a
could explain the ‘‘non deterministic’’ switch from the tw
fundamental modes (m50 andm51) observed in some ex
periments at a fixed high Reynolds number.46

Vortex rings, tilting and entanglement were already o
served in ‘‘temporal’’ simulations of low speed compressib
jets ~in Ref. 47, p. 116! and in experiments.45 The source of
the initial tilting near the nozzle is not clearly explained
either reference. Broze and Hussain45 supposed that the feed
back introduced in the jet flow after the pairing will favor th
upstream propagation of the azimuthal perturbations wh
can compete with the axisymmetrically forced disturbanc
In our simulations, the entanglement and the reconnec
occur between strongly deformed rings at the points of
connection with the filaments. Hussain44 observed in plane
mixing layers that, as the ribs~equivalent to filaments in ou
case! are wrapped around the rolls ([ rings!, vortex lines are
turned and aligned with the flow, causing large local coh
ent helicity. The local helicity could be responsible for th
initial tilting of the rings. In the same time, the points o
interaction between rolls and ribs are evidenced in pla
mixing layers as the sites of strongest mixing and thr
dimensional turbulence.42,48The small scales transition is be
yond the scope of the present paper and needs further in
tigations.

V. HELICAL MODES AT LOW REYNOLDS NUMBERS

A. Primary instability onset

Keeping the same resolution as in the previous sectio
was possible to observe the unstable jet at Reynolds num
exceeding only slightly the value of 300. At this Reynol
number the helical modes dominate the instability. The ba
difficulty in investigating the instability development fo
only slightly supercritical Reynolds numbers is the neces

t
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FIG. 11. Re5500. Stream–wise vortex filaments. Instantaneous surfaces of constant azimuthal vorticity~grey!, stream-wise vorticity~white for positive and
black for negative! at a threshold corresponding to 35% of the respective maxima and minima.
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to simulate very long transients. For this reason the spa
discretization accuracy was decreased to 7 collocation po
per spatial direction for most simulations. This more th
halves the number of nodes and increases the time ste
3336 Phys. Fluids, Vol. 9, No. 11, November 1997
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sulting from the stability requirements by a factor of 2
compared to the simulation in Section IV~see also the nu-
merical tests in Section II B!. Moreover, the increased nu
merical noise allowed to lower the Reynolds number to 2
Danaila, Dušek, and Anselmet
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As far as the capture of the smallest structures of the flow
concerned, the decrease of the used resolution is compa
with the increase of the size of the small structures due to
decrease of the Reynolds number from 500 to 225.

The instability threshold was determined by studying
instability dampening or amplification of an already unstea
flow. For this purpose, a slightly perturbed unsteady fl
was obtained by setting a rather significantly sub-criti
Reynolds number and letting the instability fluctuations o
tained at a significantly supercritical Reynolds number se
to a level of less than 1023 of the inflow velocity value. Then
the Reynolds number was progressively increased until
plification became perceptible. This allowed us to obt
rather rapidly an acceptable approximation of a slightly p
turbed basic flow at nearly critical Reynolds numbers s
able for the investigation of the instability onset and dev
opment.

A perturbation of such a low level can very well b
considered linear. At Reynolds numbers slightly exceed
Re5200 the instability was found to be characterized
oscillations with a non-dimensional frequency of 0.169,
roughly half thepreferredfrequency found atRe5500. The
amplification rate was found to be very weak and the l
level could be maintained for sufficiently many instabili
oscillations to determine the instability threshold without d
ficulty. The latter was found to beRecrit'220 for the chosen

FIG. 12. Re5500,t566.81. Spatial distribution of the stream-wise vortici
~black for negative and white for positive!. A longitudinal cut through the jet
axis and the core of a negative filament (u515o). Transverse cuts atz52.8
~a!, z53.5 ~b!, z53.93 ~c! andz54.5 ~d!. The lines in~a! and~d! represent
contours of the azimuthal vorticity at 35% of the maximum and mark
vortex rings.
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discretization accuracy. The oscillating character of the
stability shows that it is of the Hopf type.

B. Primary instability development and structure

The obtained instability was allowed to develop to s
the nature of the attractor that is reached. In spite of a ra
detailed investigation of very nearly critical Reynolds num
bers, a limit cycle could not be observed. Instead, a lim
torus dynamics has been evidenced~Fig. 15! even very close
to the instability threshold. Note the perfect Hopf-like inst
bility onset in the early stages of the instability developme
which is ending, however, in a quasiperiodic final state. N
also the level of oscillation amplitude of only 0.04 of th
inflow velocity which is obtained due to the proximity of th
instability threshold at (Re2Recrit .)/Recrit .52%.

To better understand the reasons of such a behavior
analyzed the flow by extracting the Fourier components
the instability~see Refs. 30, 49! by the method described in
Ref. 50. The Fourier analysis was carried out over the ti
corresponding to one oscillation. The angular frequency
the linear unstable mode is strictly the same throughout
flow. Close to the instability threshold, the amplification ra
is so small that, in the linear regime, the amplification ov
one oscillation period can be neglected and a standard F
rier integration over one period can be used. In the satura
regime, more than 40 oscillations per beating have b
found ~Fig. 15!, which allows us, once again, to consider t
modulation negligible during one single oscillation.

The flow field decomposition has been added to
original code and yields the Fourier components of all vel

FIG. 13. Re5500,t5131.4. Vortex rings reconnection in helical structure
An instantaneous surface of constant vorticity magnitude at a thresho
35% of the maximum value and selected vortex lines.
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ity components and of the pressure at each node of the
cretization. Considering that at each node of the comp
tional domain the signals have a periodicityT in time t, the
velocity and pressure fields (v r ,vu ,vz ,p) can be expresse
as a Fourier series:

v~r ,u,z,t !5 (
n52`

1`

cn~r ,u,z!einvt, ~6!

wherev52p/T and the coefficientscn have been compute
as

cn~r ,u,z!5
1

TE0

T

v~r ,u,z,t !dt. ~7!

Due to the original axisymmetry of the flow, axisymmet
breaking can be expected to occur via an onset of harmo
in the azimuthal directionu. The Fourier modes obtaine
above have therefore been further decomposed along the
muthal direction:

FIG. 14. Re5500. Fusion stage of the vortex ring pairing for differe
times. Instantaneous surface of constant vorticity magnitude at a thres
of 35% of the maximum value. The visualized domain extent is 1.5,z
,3.5.
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cn~r ,u,z!5 (
m52`

1`

cn,m~r ,z!e2 imu, ~8!

with the coefficientscn,m calculated as

cn,m~r ,z!5
1

2pE0

2p

cn~r ,u,z!eimudu. ~9!

The final decomposition of the flow field can be e
pressed as

v~r ,u,z,t !5 (
n,m51`

2`

cn,m~r ,z!ei ~nvt2mu!. ~10!

The moden50,m50 contains the basic axisymmetr
flow field and, close to the instability threshold, only a sm
non linear correction. The most relevant information abo
the instability is provided by the fundamentaln51, that can
be assumed to be practically identical to the linear mode
close to the instability threshold.

The fundamental component of the signals~determined
by letting n51) accurately describes the linear unstab
mode and its analysis shows that it can be identified a
superposition of two counter-rotating helical modes (m51
and m521) quantified by the coefficientsc1,1 and c1,21.
The ‘‘raw’’ fundamental fluctuating flow field, representin
practically the total fluctuation field, and the individu
modesc1,1 and c1,21 are shown in Fig. 16 in terms of iso
surfaces of stream-wise vorticity. The growth of a vort
helix corresponds to the region of negative stream-wise v
ticity in Fig 16. Owing to the helical symmetry, the stream
wise vorticity in the braid~this time, the region between tw
loops of the helix! has an opposite sign and appears to sp
around the concentrated negative region of stream-wise
ticity. Note that the two modes have different magnitud
The helical structures are similar to those found by Mar
and Meiburg51 in their ‘‘temporal’’ vortex filaments simula-
tions. They also reported that for a ratio ofR/Q522.6 the
~forced! single helix is stable and avoids azimuthal instab
ity. This is also the case in our unforced simulations (R/Q
'20): no concentrated stream-wise braid vortices were
served.

The individual modesc1,1 andc1,21 can be identified as
the helical modes predicted by the linear stabil
theory.13,16,4If we neglect the stream-wise dependence of
mode envelope and wavelength due to the non parallel c
acter of the basic flow, it is possible to write, approximate

cn,m~r ,z!5 c̃n,m~r !e2 ikz, ~11!

where k52p/lz is the stream-wise wavenumber, and t
decomposition of the fluctuating flow field can be express
as

v8~r ,u,z,t !5 (
m561

c̃1,m~r !ei ~vt2mu2kz!1c.c. ~12!

The coefficientsc̃1,m(r ) have been fitted to the calculate
discrete coefficients at a fixed point chosen 7.5D down-
stream of the nozzle. The resulting ‘‘parallel’’ fluctuatin
field is represented in Fig. 17. It offers a qualitatively go
description of the ‘‘real’’ fluctuating flow field in Fig. 16. If

ld
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FIG. 15. Re5225. The azimuthal velocity (vu) signal at a location in the mixing layer~x50.507,y50, z52!. Signal in the linear regime~above! and in the
asymptotic state~below!. The initial condition is the stationary flow field calculated forRe5220.
e
de
d

ol
am
ti

ea

ily
y-

the
n-
s

a-
l
d to

s.

an
am-
both m51 andm521 modes were of similar strength, th
pattern would be an alternating series of oppositely sha
surfaces, disposed in sinusoids or axisymmetric shapes
pending on the angle of visualization~Fig. 18!. This last
structure has been reported by Yodaet al.52 in the self-
similar region of a round jet.

The linear theory shows that both modes are eigens
tions of the linear eigenvalue problem associated to the s
unstable eigenvalue. The phase difference and the rela
magnitude of the two counter-rotating modes in the lin

FIG. 16. Re5225. Decomposition of the fluctuating field in helical mode
From left to right: modem51, modem521 and the fluctuating field.
Surfaces of constant stream-wise vorticity~white for positive and black for
negative! at a threshold corresponding to 35% of the respective maxima
minima.
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regime thus result from the initial conditions. This is eas
confirmed by studying the fluctuating field structure for var
ing initial conditions using the flow field decomposition~10!.
In our first simulation both modes were represented since
very beginning. We then created a new initial condition co
taining only the first helical mode by keeping only the term
c0,0, representing approximately the basic flow, andc1,1,
representing only the counter-rotating helical initial perturb
tion, in the sum~10!. The obtained velocity oscillation signa
in the linear regime and in the asymptotic state appeare
be identical to that in Fig. 15. The presence of modesc1,61

was monitored by computing, for each analyzed periodT,

d

FIG. 17. Analytical ‘‘parallel’’ model of the helical modesm561 and the
resulting flow pattern from their superposition. Surfaces of constant stre
wise vorticity ~grey for positive and black for negative!; the same threshold
is used in the three frames.
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the three components of the mean kinetic energy of the
lical modes, which can be evaluated in the spectral spac

Km~v!5E
V

uc1,mu2dV, ~13!

where V is the computational domain,m561, and v
5(v r ,vu ,vz). Applying this analysis for different period
considered at different times of the simulation, we can dr
the time evolution of the kinetic energy of the two helic
modes. The two calculation cases display similar evolutio
as shown in Fig. 19.

The initial helical modem51 grows linearly and reache
a local maximum level (t'850). The subsequent decay of i
energy is related to the emergence of the counter-rota

FIG. 18. Flow pattern obtained by superposition of the two theoretical
lical modesm561 of the same strength. Surfaces of constant stream-w
vorticity ~grey for positive and black for negative!.

FIG. 19. Re5225. Time evolution of the components of the kinetic ener
evaluated in the spectral space. The operator~K! is given by eq.~13!. Simu-
lation starting from an initial condition containing only the first helical mo
m51.
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helical counterpartm521. The growth of the latter passe
also through a maximum (t'1000). Finally the modes settl
to a constant level which is not the same form51 andm
521. These two observed modes correspond to the s
eigenvalue, i.e., they have the same oscillation frequenc
the linear regime. The same final levels have been obta
in this simulation and in the first one where both modes w
present in the initial condition. Iso-surfaces of low pressu
calculated in the fluctuating field at the three mentioned
stants are represented in Fig. 20. We can conclude tha
observed beatings are explained by a slight frequency dif
ence between the modesm51 andm521 resulting from
non-linear effects in the saturated state.

VI. FINAL DISCUSSION AND CONCLUSIONS

Much of the literature concerning the near-field dyna
ics of round jet flows mostly emphasizes the growth a
evolution of axisymmetric disturbances. The linear invisc
analysis of Batchelor and Gill12 and Mattingly and Chang,13

however, pointed out that the first helical mode has amp
cation characteristics identical to those of the axisymme
mode. The viscous linear theory of Morris16 further sug-
gested that the selection of the axisymmetric or the hel
mode is very sensitive to initial perturbations like the loc
unsteady pressure field at the lip of the jet. These spec
tions were confirmed by the experiments of Corkeet al.46

who indicated that the observed switching between these
fundamental modes is the result of the response of the je
randomly arriving axisymmetric or non-axisymmetric distu
bances at the jet lip. They also showed that the axisymme
and the helical modes do not exist neither at the same t
nor in the same place. Most of analytical and experimen
studies suggest that the ratio of the nozzle diameter~D! to
the initial momentum thickness (Q0) is the parameter indi-
cating which of the axisymmetric or the helical mode is t
most amplified in the near field of the round jet. As the sh
layer grows~i.e., D/Q0 diminishes!, the helical mode be-
comes dominant over the axisymmetric mode.17

-
e

FIG. 20. Re5225. Surface of the constant pressure fluctuation. The sa
threshold is used in the three frames and it corresponds top51/3pmin cal-
culated fort52172. The initial condition containing only the first helica
modem51. Different times corresponding to those shown in Fig. 19.
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In the present study, for a ‘‘top-hat’’ inflow velocity
profile, we showed that the Reynolds (Re5Vz0D/n) number
is the parameter selecting the most amplified unstable m
when it varies between 200 and 500. Helical modes are
lected at lower Reynolds numbers and the axisymme
mode at higher Reynolds numbers, as expected from the
dictions of the viscous linear stability theory analysis16,35and
from experimental observations.5 The quantitative agreemen
with the local parallel theory obtained for mean velocity pr
files close to the nozzle confirm that the zone extendin
few diameters downstream of the nozzle is most import
for the onset of the instability. A global effect of this zon
results in a definite mode and frequency selection.

Direct numerical simulations of unforced, spatial
evolving round jets offered an ideal framework for th
study; random initial perturbations occurring in experime
are avoided and information concerning the global effec
the downstream structures on the instability onset is av
able, in contrast to frequently used ‘‘temporal’’ simulation
In addition, unlike experiments where a variation in the
exit velocity yields a different initial momentum thicknes
in our numerical simulations the parameterR/Q0 of the in-
flow velocity profile is fixed by the finite discretization an
the influence of the Reynolds number, as a single param
can be studied.

The investigation allowed us to identify the large stru
tures dominating the unstable jet. For a Reynolds numbe
500 the spontaneous destabilization of an axisymmetric fl
was investigated, providing results similar to those alrea
published for larger Reynolds numbers. In accordance w
theoretical predictions, the onset of instability was found
be governed by the inviscid, axisymmetric Kelvin
Helmholtz mechanism. The vorticity concentrates into ri
vortices while the braid regions become depleted. The sh
layer grows by viscous diffusion and vortex ring mergin
Our simulation allowed, however, to follow all the subs
quent stages of transition to a chaotic state. After comple
of the vortex pairing, formation of secondary pairs
counter-rotating stream-wise filaments in the braid reg
could be obtained without any artificial perturbations. T
obtained quantitative characteristics of this stage of jet
velopment, such as the Strouhal number of the vortex r
shedding, the ‘‘preferred’’ Strouhal number and the dow
stream distance of vortex merging, are in good agreem
with previous experimental and analytical results. The fo
of the stream-wise structures agrees with that found in di
simulations of round jets evolving in time. In the last stage
simulation, the spatial evolution of these structures could
visualized and the role of the stream-wise filaments in vor
ring re-connections leading to the final vortex breakup co
be evidenced.

The coherent structures we identified in the flow field a
different for low supercritical Reynolds numbers in the im
mediate neighborhood of the instability threshold. The p
mary instability is then characterized by symmetry breaki
resulting from the presence of two equally amplified count
rotating helical modesm51 andm521. This change in the
selection of the most unstable mode with the Reynolds n
ber can explain the experimental observations of Crow
Phys. Fluids, Vol. 9, No. 11, November 1997
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Champagne5 reporting the shift of the jet shape from a hel
to a train of axisymmetric waves, when the Reynolds num
is increased from 100 to 1000. A Fourier mode analysis
the fluctuating field allowed us to clearly identify these he
cal modes as responsible for the observed flow pattern.
relative strength of these two modes is determined throu
out the whole linear regime by initial conditions. In th
asymptotic state both modes have well defined levels larg
independent of the initial conditions. Non linear effects th
determine the frequency shifts with respect to the linear
quency. This results in beatings appearing in the veloc
signals. This feature might be characteristic for all axisy
metric flows and is to be related to the degeneracy of
spectrum of the linear Navier–Stokes operator giving rise
two different unstable modes. Axisymmetry breaking th
leads directly to a limit torus dynamics right at the prima
bifurcation. An interval of Reynolds numbers was found
be characterized by such dynamics but, according to our
sults, the chaotic stage then appears to set in quite early
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