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Giant vortices in combined harmonic and quartic traps
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We consider a rotating Bose-Einstein condensate confined in combined harmonic and quartic traps, follow-
ing recent experiment®/. Bretin, S. Stock, Y. Seurin, and J. Dalibard, Phys. Rev. L@&. 050403(2004)].
We investigate numerically the behavior of the wave function which solves the three-dimensional Gross
Pitaevskii equation and analyze in detail the structure of vortices. For a quartic-plus-harmonic potential, as the
angular velocity increases, the vortex lattice evolves into a vortex array with hole. The merging of vortices into
the hole is highly three dimensional, starting from the top and bottom of the condensate to reach the center. We
also investigate the case of a quartic-minus-harmonic potential, not covered by experiments or previous nu-
merical works. For intermediate repulsive potentials, we show that the transition to a vortex array with hole
takes place for lower angular velocities, when the lattice is made up of a small number of vortices. For the
strong repulsive case, a transition from a giant vortex to a hole with a circle of vortices around is observed.
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I. INTRODUCTION B }m ) _% 2, % 4+} 2,2 3
. . . . trap = ) > |r w r Mw;Z". Q)
The existence and formation of quantized vortices have 2 w 2

ricentg beten wufjely Stgd'edt In Bos_et-E_lnstetlnt_contgensateﬁw experiments, the amplitudd, of the superimposed laser
[1-7]. One type of experiments CONSIsts in rotating the mag; small, so that the coefficient of thé term is positive.

netig: trap confining the atoms. For a harmonic trapping PO~ In this paper, we investigate the three-dimensional struc-
tential, and a rotatln_g frequendy close.to 0.@,, which is ture of stable stategsortex lattice, vortex array with hole,
the transverse trapping frequency, vortices start to appear a'b%ant vortice$ of the condensate in the framework of the
arrange themselves into a lattifg]. As () is increased, the 5 << Ppitaveski energy. First, we study the three-

gumber:;)vortlcr(]as mcrt(ra]ases ]?S Welltand .tr;e Iamce tgrg](:“taimensional vortices for thquartic-plus-harmonidrapping
enser. reachésy, the confinement vanishes since epotential (3) corresponding to the experiment$4]. This

centrifugal force compensates the trapping force. This r€Zontributes not only to complete the simplified two-

glr:ne is the focus of at Igthf t?]ttentlfont&nfet:_ new phySICaIdimensionaI(ZD) picture given by previous studies but also
phenomena are expected lor tNese tastrotating gases.  +, yamgye some of the guestions concerning the 3D effects

Using stiffer trapping potentials than the _harmonic one’(such as vortex bendingn the experimental observations of
allows to explore the regimé€> w,. Theoretical and nu- Refs. [13,14. Second, if the amplitud&J), of the laser is

merical studies have considered trapping potentials behaviqgcreased to change the sign of the harmonic part of the
like r" or r?+r* [8-12. A rich variety of vortex states is potential(3), i.e

predicted: lattice of singly quantized vortices, array of vorti-
ces with a hole in the center, and gig@ntultiple quantizey 1, 2U

vortices. This type of trapping, which eliminates the singular Em‘”i < W2 (4)
behavior at)=w , has recently been achieved experimen-

tally by superimposing a blue detuned laser beam to th&ve show that such quartic-minus-harmonitrapping poten-
magnetic trap holding the atonj43,14. The resulting po- tial allows to obtain vortex arrays with hole and giant vorti-

tential is ces for lower() than obtained previously. The difference in
lowering the frequency) of nucleation of the giant vortex is
Virap(r',2) = Vy(r,2) + U(r), (1) that this vortex structure does not appear as a consequence of
with a very dense lattice but due to a small number of vortices
merging together. The three-dimensional structure of the

1,01, : 2r? merging is analyzed. This leads to new open problems in
Vi = SMa =+ Emwzzz andU(r) = Ugexp| — W2/ terms of theoretical studies.
Finally, we study the case of a strong repulsive potential
(2 \hich acts like a pinning potential at low velocity. Neverthe-

For r/w sufficiently small, the resulting potential can be ap- /€SS, wher() is increased, the giant vortex turns into a giant
proximated by vortex with a circle of singly quantized vortices around.

II. NUMERICAL APPROACH

*Electronic address: aftalion@ann.jussieu.fr We consider a pure BEC dfl atoms confined in a trap-
TElectronic address: danaila@ann.jussieu.fr ping potentialV,,, rotating along the axis at angular ve-
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locity Q). The equilibrium of the system corresponds to local

minima of the Gross-Pitaevskii energy in the rotating frame 0.4
52 0.35F
6= | LIV Gh0 19,7 950+ Vgl os
p2m
0.25}F
N
+ 5 Gl 4l (5) 02
0.15
wheregsp=4m#h%a/m and the wave functiog is normalized 0.1F
to unity [ |¢?=1. 0.05f
For numerical purposes, it is convenient to rescale the 0 ] i
variables as follows:r=x/R, u(r)=R¥?¢(x), where R 0 0.5 1 1.5
=d/+e and FIG. 1. Thomas-Fermi limipre for different values ofw.
A 1/2 d 2/5 -
d= (mwi> CET (877Na> o =0(ew,). (6) domain containing the condensate. A typical simulation uses
In thi i h . @ b a domain(x,y,2) e[-2,2] X[-2,2] X[-2.8,2.§ with a re-
n this scaling, the trapping potentié) becomes fined grid of 200< 200X 140 nodes, which is sufficient to
, 1o, achieve grid independence for all considered numerical
V() =(1-ar +Zkf + g7, (7)  experiments.
We first compute the steady-state corresponding to a non-
where rotating (1=0) condensate, using as initial conditian
=\prr, the Thomas-Fermi profile
W, (R)z e o Pt
a= =4a\ — |, =—.
meWZ w |

1
- - 2 t4_ o2
Note that we take», (which is the frequency of the original pre(f) =po = V(N) =po+ (= 1r~ ki~ B z. (13

harmonic potentiaV/,) as a scaling frequency fd&, and not

the effective harmonic trapping frequenaﬁ:wﬂ’|1—a|, Depending on the choice af, the Thomas-Fermi density
as in Ref.[13]. For numerical applications, we choose profile can display three different shapes, as shown in Fig. 1.
=0.02, B=w,/w, =1/7, k/a=0.25, which fit the experi- The corresponding steady solutions obtained fr0
mental value$13]. In Ref.[13], «=0.25, but we willtake  (which will be used as initial conditions for the subsequent
bigger values since our aim is to understand the influenceuns with ) > 0) are displayed in Fig. 2. We can distinguish
of a when it gets bigger than 1 and changes the sign of théhree cases.

harmonic part. (i) <1 (weak attractive cagds the case closest to the
Then, we use the dimensionless energy introduced in Regxperiments and is strongly influenced by tpesitive) har-
[13], monic part. ForQ)=0, a classical prolate condensate is ob-
~ tained. As Q) increases, the effective trapping potential
E(u) =H(u) - QLu), (9 Vef(r)=V(r)-£202r? starts to have a Mexican hat structure.
whereH is the Hamiltonian, A vortex lattice appears for intermediate values{(dfand

turns into a lattice with a hole for larg@.

(i) 1< a<1+& with £= Y458/ 7 (intermediate repul-
sive casg at =0, as an imprint of the negative harmonic
part, the density profile has a depletion close to the center but

Hw = [ 2wues v Sl 10

andL, the angular momentum axis

Z(U)—If%y—— —) (11) (1 (2) (3)

Using a hybrid Runge-Kutta-Crank-Nicolson scheme de-
scribed in Ref[15], we compute critical points dE(u) by
solving the norm-preserving imaginary time propagation of
the corresponding equation

au 1
E——V2u+|(ﬂxr) Vu=- Zszu(v+|u|2)+,u€u, lj_v lj_v lj_'

12

(12 FIG. 2. Different shapes of the condensat&)atO: isosurfaces
where u, is the Lagrange multiplier for the constraint of lowest density in the condensate fer 0.9 (picture 1), 1.1 (pic-
Ip|u>=1 and withu=0 on dD. Here, D is a rectangular ture 2, 1.2 (picture 3.
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(b)

FIG. 3. («=0.9 Top view of the isosurface of lowest density
(up) and density contours in the plare=0 (down) for Q/w,
=0.32(a), 0.4 (b), 0.48(c), and 0.56(d).

no hole. The density profile starts to have a hole for interme-
diate values of).

(i) @>1+¢ (strong repulsive cagethe density profile
has a hole for all).

IIl. DESCRIPTION OF THE RESULTS
) ) ) ~ FIG. 4. («=0.9 Side view of the condensate fé¥/w, =0.32
We show the three-dimensional structure of vortices ing), 0.4 (b), 0.48(c), and 0.56(d).

details. The first two casdsveak attractive and intermediate
repulsive display a similar transition from a vortex lattice to ments[14]. An explanation derived in Ref§14,1§ to ac-
an array of vortices with a central hole whénis increased count for the lack of visibility of vortices is that a small
and the merging process starts from the top and bottom dfaction of the gas is at higher temperature and thus de-
the condensate to reach the center. This is due to the fact theeases the visibility of vortices. The vortex lattice should be
as() is increased, the effective potential has a Mexican havisible only at ultralow temperature that cannot be reached in
structure. The difference though is that for the intermediatdéhe experiments. Our study seems to favor this hypothesis:
repulsive case, the phenomenon does not take place at higthen looking for the ground state of the system, we found
rotation value. The vortex lattice is not so dense. that much longer times were required for laigeto reach a

In the last caséstrong repulsivg giant vortices are ob- Wwell-ordered vortex lattic§the convergence time to reach a
tained for lowQ and a hole with a circle of vortices around Stable state in Figs.(8) and 3d) is 3—4 times larger than for
for larger(), that is the transition takes place in the oppositeFig. 3@]. Transient states before convergeetich seems
direction. to correspond to experimental observatiodsplay incom-
plete vortex reconnection and an irregular lattice structure.
This confirms the hypothesis of the fragility of the vortex
o i lattice in the regime of fast rotation.

This is the case closest to the experimefit8,14.The ForQ/w, =0.56[Figs. 3d) and 4d)], the central vortices
density profile of the solutions are shown in Figgtd view  nhave completely merged into a giant vortex. The lattice still
and 2D cut in the plane=0) and 4(three-dimensional struc-  exist around as two concentric rings of singly quantized vor-

A. Weak attractive case(a=0.9)

ture). tices.
At low Q [Figs. 3, 4a), and 4b)], there are isolated sin-
gly quantized vortices, forming a lattice. A% is increased, Lz
the vortex lattice gets densg20 vortices in Fig. &) and 38 eok
in Fig. 3(c)]. As a consequence, the angular momentym -
grows rapidly to high valueg-ig. 5). It is interesting to note 50f
from the side view of the condensdteig. 4) that most vor- g
tices of the lattice are straight but some are bending. This 40
explains why the values df, in Fig. 5 are slightly lower 3ok
than the corresponding number of vortices.
As ) is further increased()/w, =0.48, a hole starts to 20F
appear at the center of the condend&ig. 3(c)]. It is clear 10k
from Figs. 3c) and 4c) that close t@=0, the lattice has not i N
merged into a hole, while close to the top, there is already a 09“6?15‘ o2 53 o2 o5 o6

giant vortex. This phenomenon is highly three dimensional.
However, this central depletion is not strong enough to ex- FIG. 5. Angular momentuni, (in units of #) for all studied
plain alone the absence of visible vortices in recent experieonfigurations.
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() 5

FIG. 7. (=1.1) Side view of the condensate fé¥/w, =0.12

FIG. 6. (e=1.1) Top view of the isosurface of lowest density (@, 0.2(b), 0.28(c), 0.32(d). Isosurface of lowest density.

(up) and density contours in the plane=0 (down) for Q/w,  [Fig. 7(b)]: the top view[Fig. 6b) and &c)] indicates that

=0.12(a), 0.16(b), 0.2(c), 0.24(d), 0.28(e), 0.32(f), 0.4(g), and  vyortices arrange themselves along two concentric circles.

0.48(h). The inner circle is made up of vortices which are isolated in
the center of the condensate but reconnect towards the top of

IncreasingQ/w, to 0.64 leads to a larger central hole the condensate to form a giant vortgsg. 7(b)]. The outer
surrounded by a single ring of vorticgsictures not shown  circle is made up of almost straigbtvortices that reconnect
and a large value of the angular moment@im~100). It  to the top and bottom of the condensate.(Asncreases, the
would be an interesting theoretical problem to understand theumber of vortices on each circle increases. In Figs) &nd
criterion for the existence of a single ring of vortices around6(c), the inner vortices seem to be bigger, but this is just an
the hole. This should depend on the size of the condensatéffect due to the projection and the bending: the view at
the size of the annulus and &h =0 allows to check that all vortices have the same size.

For Q/w, =0.24[Figs. §d) and {c)], the straight vorti-
ces that were close to the axis of the condensate have merged
into a central hole. There are also isolated vortices regularly

Since the regime of fast rotation is experimentally diffi- scattered on a circle around the giant vortex(Afcreases,
cult to investigate, we suggest in the following section a newthe number of vortices inside and outside the giant vortex
form of trapping potential that allows to obtain giant vorticesincreases and the length of the isolated vortices decreases as
for lower rotation frequencies and with smaller time of sta-can be seen in Figs(@ and 7d).
bilization, leading to less fragile vortices. Note that the isolated vortices akk vortices that recon-

The trapping potentia(7) for this case has @uartic— nect to the giant vortex at the center, not to the boundary of
minus-harmonidorm and displays a Mexican hat shajég.  the condensate, as in the case of the harmonic tragfiig
1). The shapes of the solutions are plotted in Figgtadp  that is, their bending is concave not convex.
view andz=0 cut9 and Figs. 7(side view. For Q/ w, =0.48[Figs. §h) and §, the number of vorti-

The transition from isolated vortices to a hole with aces has increased. On the top vigFig. 6(h)], there seems to
circle of singly quantized vortices around is observed. Thide two outer circles of vortices around the giant vortex,
happens for lower rotation frequencies and with a smallewhereas the view a=0 indicates that there is only one: the
number of vortices than in the previous case, that is, before mner U vortices reconnect to the giant vortex and the outer
dense lattice is formed. Fd small, the density of the solu- to the outer boundary of the condensate. Both have different
tion has a depletion close to the center but no hole and nooncavity in their bending as illustrated in Fig. 8. This may
vortices are observedrigs. §a) and 1a)]. For() larger[Fig.  be explained using the analysis of Refk7,1§: the bending
6(b)], vortices are nucleated and the angular momentym of the vortex depends on its location with respect to the level
starts to grow(Fig. 5). lines pre=cst The vortex is almost straight in its central part

For 0.16<Q/w, <0.24, the density of the solution is and then reaches the boundary using the shortest distance:
zero close to the top and bottom of the condensate, but not &r harmonic trapping and oblate condensates, it leads to U
the center, which gives rise to a special structure of vorticesortices, for harmonic trapping and prolate condensates, it

B. Intermediate repulsive case(a=1.1)
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(a) (b (c

FIG. 8. (a=1.1) Vortex details forQQ/w, =0.48.

FIG. 9. («=1.2 Top and side view of the condensate for

leads to straight vortices and in this case, it should lead to
9 lw,=0.12(a), 0.2 (b), and 0.3(c).

bending direction depending on the location of the straigh
part of the vortex; namely, if we plot the line equidistant to
the inner and outer boundary of the condensate with respe&ting bucket experiment for helinhas not been studied in
to the distancef, pr dl, then this divides the condensate BEC. It would be interesting to predict the location of the
into two regions, one where vortices bend inwards and thésolated vortices around the giant vortex and their height. For
other where they bend outwards. the moment, we have a work in progrd49) in the spirit of
These simulations open a few interesting directions ofRef. [17] to characterize in this setting the location of the
theoretical work: understand why the merging of the latticecircle of vortices in terms opr. The 3D equivalent requires
starts from the top of the condensate to the center, and hoi#ore tools.
the length of vortices decreases with Let us point out that A question raised by A. L. Fettg20] is whether increas-
the transition from vortex lattice to giant vortex has beening (2 further would lead to a disappearance of the circle of
analyzed in 2010]. But this analysis requires a large num- vortices around the giant vortex. The angular velocity re-
ber of vortices. With the type of trapping potential that we quired seems to be beyond our computational possibilities
have studied, the number of vortices at the transition is lowsince the size of the annulus has to get of the order of the
and we believe that the analytical tools to be developpednesh.
should be different from the ones used up to now.

IV. CONCLUSION

C. Strong repulsive case(a=1.2) We have studied stable configurations of the Gross Pi-

In this case, the effective potential has a Mexican hataveskii energy when the trapping potential has a combined
structure for all{) and the density profile of the solution quartic and harmonic term.
always has a hole in the center as illustrated in Fig. 9. For For weak quartic potentials, the solution evolves from a
low values of(), the density has a dip, without circulation, vortex lattice to a vortex array with hole when the angular
there are no vortices, that iIs,=0 (Fig. 5); it is only the  velocity Q) is increased. For stronger quartic potentials, giant
modulus of the solution that goes to zero. Ebtw, =0.12,  vortices are obtained for lowé?, at a stage where the lattice
the hole contains a giant vortex ahgincreases witl) (see
Fig. 9).

The giant vortex phase profil€gig. 10), which are simi-
lar to those obtained in the 2D simulatioffs2], show that
the phase singularities do not completely overlap in the cen
ter of the vortex. Consequently, the giant vortex can be re-
garded as a hole containing singly quantized vortices with
such low density that they are discernible only by the phase
defects. Let us point out that the plot in Fig. 10 only takes -
into account the vortices inside the hole.

As Q) is increased, there is a giant vortex which turns into |_
a giant vortex with a single circle of vortices around. In the
previous cases, this type of transition did not take plac@ as
was increased but decreased. It is characterized by a dramatic FIG. 10. (a=1.2) Phase distribution in a centra£0 cut plane.
increase of the angular momentum(Fig. 5). To our knowl-  Q/w, =0.2(a) and 0.3(b). Open circles mark phase defects located
edge, this transitiofwhich is similar to the case of the ro- inside the central hole seen in Fig. 9.

-0.6

0L -0.6-0.4-0.2 )(% 0.2 0.4 0.6

-0.6-0.4-0.2 9( 0.2 0.4 0.6
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is not so dense. The typical structure of vortices has a centravas inspired from recent experimerits3]. The regime of
giant vortex with an outer circle of vortices around. We be-fast rotation leads to a fragile lattice which needs long time
lieve that there should be a criterion depending on the radiug stabilize. We have checked that keeping the exponential
of the condensate and the radius of the annulus that shoulshrt of the potential instead of itguartic minus harmonic
characterize the final structure of the giant vortex: Whethebpproximation does not change the qualitative behavior of
there is or not a circle of vortices around the giant vortex andhe solutions. This suggests that if this situation could be

its precise location. achieved experimentally, it would allow to observe giant vor-

In the regime of fast rotation, the 2D picture seems 10 bgices for lower velocities than previously, that is, before
a good approximation since vortices are almost straight. We,

. ) . eaching the fast rotation regime.
show more details on the three-dimensional structure of vor-
tices and understand the 3D effects of the trapping potential
on the number, shape, and location of vorticesQas in-
creased. The merging process of individual vortices into a
giant vortex is shown to be highly three dimensional. We would like to acknowledge stimulating discussions
The form of the potential considered in our simulationswith V. Bretin and J. Dalibard
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